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Abstract

In this paper we estimate the coe±cients of a generated regressor in the context of a
partially linear semiparametric regression model. The generated regressor is part of the
linear part of the model and the estimator is obtained by double kernel estimation. It
is established that the double kernel estimator is root-n-consistent and asymptotically
normal. Monte Carlo results suggest that it has satisfactory small samples properies.
The usefulness of the proposed method is illustrated in an application to a model of
wage determination.
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1 Introduction

Following the work of Pagan (1984, 1986) generated regressors have introduced a number of

interesting econometric problems in the context of fully parametric regression models. Models

of this type may naturally arise when modelling individual behavior under uncertainty, where

actions depend upon predictions (conditional extectations) of unobserved outcomes or errors

that arise from these predictions. Many macroeconomic models with rational expectations

fall in this category, where the generated regressors enter as "surprise" variables or simply as

conditional expectations, see for example Bean's (1986) model of the consumption function.

Also in econometric models of labor markets many models that analyze contarct duration or

labor supply responses make use of wage estimates as right hand variables. Another labor

market model where generated regressors appear is when a variable, say length of stay at the

current job (job tenure) appears on the right hand side in a wage equation. This variable

may be viewed as endogenous to the wage formation process and hence it may enter as a

predicted variable from another ¯rst stage regression.

This paper investigates in the context of a nonparametric model, the estimation of the

parameter of a variable that has been generated by a preliminary nonparametric ¯lter. The

model becomes a partially linear semiparametric regression model, see Robinson (1988), in

which some explanatory variables in the linear part (the part of interest to the researcher)

are the unknown conditional means of certain observables given other observable regressors.

The researcher is primarily interested in estimating the impact of these unknown conditional

means on the dependent variable. The framework assumes that the conditional mean of the

variable(s) that enters the linear part of the partial linear semiparametric model is a smooth

unknown function of other independent explanatory variables formulated in an auxiliary

equation. Furthermore, there is a correlated error structure between the equation of interest

and the auxiliary equation. We estimate the parameter(s) of interest using double kernel

nonparametric estimation. Double kernel estimation was also applied by Delgado, Li and

Stengos (1995) in the context of two non-nested nonparametric regression models to derive a

J-type test statistic of one model against the other, see Davdson and Mackinnon (1981).

Other approaches, especially the two-step approach method in estimation of a semipara-

metric model should be mentioned. Andrews (1991, 1994) and Newey (1994) provide results

for situations in which the generated regressors are estimated nonparametrically, but the
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equation of interest is parametric which is di®erent from our nonparametric case. However,

the parametric speci¯cation used in the second step may be too strong and may lead to in-

consistent estimates. The present analysis does not require the parametric assumption in the

second step. Ahn (1995) and Rilstone (1996) have focused on a situation in which both the

equation of interest and the auxiliary equation are estimated nonparametrically. Ahn (1997)

established that the two-step estimator is
p
n-consistent and asymptotically normal provided

that the kernel estimates of both steps converge uniformly at a su±ciently rapid rate.

For our speci¯c model, allowing for correlation of the error structures between the equation

of interest and the auxiliary equation, we establish that the double kernel estimator is
p
n-

consistent and asymptotically normal. Our Monte Carlo study shows that the double kernel

estimator behaves quite satisfactorily in medium to larger samples in terms of mean absolute

bias and mean squared error.

Section 2 derives the estimator in a special case of a parametric equation of interest,

except for the unknown conditional mean. Section 3 discusses the semiparametric formulation

of the model. We present in detail the proposed double kernel estimator and we derive its

asymptotic distribution. Section 4 provides Monte Carlo simulations results. Section 5 looks

at an empirical example where the proposed estimator is applied to a labor supply model

using Canadian data from the Labor and Manpower Activity Survey, LMAS89. Finally,

section 6 o®ers concluding remarks. The Appendices A and B collect lengthy proofs.

2 The Case of a Parametric Regression Function.

Data consists of independent observations f(xi; zi; yi; si); i = 1; :::; ng identically distributed
as the Rp£Rq£R£R-valued multivariate random variable (x; z; y; s). We consider the impact
of the conditional mean E(sjz); which is the unknown function of z, on the dependent variable
y: We allow that the variables z may be correlated with the x0s in the equation of interest.

The model we propose is

y = µ(x) + E(sjz)®+ u (1)

The auxilliary regression is written as

s = E(sjz) + " (2)
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The errors u and the " are correlated: Let gi = g(zi) = E(sijzi), and use the notation
~Ai = ~E(Aijzi) =

h
1
nbq

P
j 6=iAj ¹Kij

i
= ~fi, where Kij = K(

zi¡zj
b
) is the kernel function associated

with z and b is the corersponding smoothing parameter. (In this context K(:) is the product

kernel). The equation of interest becomes

y = µ(x) + ~E(sjz)®+ ´ (3)

where

´ = u+ [E(sjz) ¡ ~E(sjz)]®

We consider below the following special model in which the function of the explanatory

variables in the equation of interest is parametric, that is, µ(x) = x0°:

y = x0° + E(sjz)® + u (4)

yi = x
0
i° + E(sijzi)®+ ui; E(uijxi; zi) = 0; (5)

For example, yi might be the wage rate, xi refers to certain variables that a®ect wages, such

as level of education, age and gender, whereas si represents length of time at the present job.

This variable itself may be a®ected by other variables zi, such as age, marital status, number

of children and other demographic characteristics which are all assumed to be exogenous.

Hence, g(zi) = E(sijzi) is the expected job tenure, while the functional form of g(¢) is not
speci¯ed.

We are interested in estimating ° and ®.

y = x0° + ~E(sjz)® + ´ (6)

where

´ = u+ [E(sjz) ¡ ~E(sjz)]®

Then,

yi = x
0
i° + ~si® + (gi ¡ ~si)® + ui (7)

From (7), we have

yi = (x0i; ~si)(°
0; ®)0 + (gi ¡ ~si)® + ui (8)

= X̂i± + (gi ¡ ~si)® + ui; (9)
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where ± = (°0; ®)0 and X̂i = (x0i; ~si). We estimate ± by regressing y on X̂ :

±̂ = (X̂ 0X̂)¡1X̂ 0y

= ± + (X̂ 0X̂)¡1X̂ 0[(g ¡ ~s)®+ u];

where X̂ = (X̂ 0
1; X̂

0
2; :::; X̂

0
n)
0 and ~si = ~E(sijzi) p¡! gi = g(zi).

To derive the asymptotic distribution of
p
n(b± ¡ ±), (and consequently that of p

n(b® ¡ ®));
the following de¯nitions and assumptions will be used.

Let G®l denote the class of functions such that if g 2 G®l (® > 0 and l ¸ 1 is an integer),

then g is l times di®erentiable, g and its derivatives (up to order l) are all bounded by some

function that has ®th order ¯nite moments. Also Kl, l ¸ 1, denote the class of even functions

k : R ! R satisfying
R
k(u)umdu = ±0m for m = 0; 1; :::; l¡ 1 and k(u) = O((1+ jujl+1+±)¡1),

some ± > 0. Denote g(z) = E(sjz).
(A1) (yi; xi; zi; si) are independently distributed as (y; x; z; s), x admits a pdf fx = f(x) 2
G1º , also µ(x) 2 G4º and h(x) 2 G4º , where º ¸ 2 is a positive integer. z admits a pdf

fz = f(z) 2 G1¹ , g(z) 2 G4¹ and E(g(z)jx) 2 G4¹, where ¹ ¸ 2 is a positive integer. Moreover,

(x; z) admits a joint pdf Ã(x; z) 2 G1¹ . ¾2(x), fx, fz and Ã are uniformly bounded, where
¾2(x) = E(u2jx).
(A2) k 2 Kº . As n ! 1, na2p ! 1, na4º ! 0; ¹k 2 K¹. As n ! 1, nb2q ! 1 and

nb4¹ ! 0.

(A3) (i) (yi; xi; zi; si) is a strictly stationary absolutely regular process with E(rijxi; zi) = 0,
ri = ui or wi. (ii) fz(¢), f (x; ¢) and g(¢) all satisfy some (global) Lipschitz-type conditions:
jr(u)¡ r(v)j · D4(v)jju¡ vjj for all u, v 2 Rq (jj ¢ jj is the Euclidean norm), where D4(¢) has
¯nite 4th moments, r(¢) = fz(¢) or g(¢), and in the case of f(x; ¢), r(¢) = f(x; ¢). (iii) Both
ui and wi have ¯nite 4 + ² moments for some small ² > 0.

Assumption (A1) presents some smoothness and moments conditions. (A2) is similar to

the conditions used by Robinson (1988) or Fan, Li and Stengos (1992). It requires a higher

order kernel to be used for k (¹k) if p ¸ 4 (q ¸ 4). Then we have,

Theorem 1 De¯ne Xi = (x
0
i; gi) and ´i = 2®f(zi)E[Xjjzj = zi]. Then under assumptions

(A1), (A2) and (A3), we have

p
n(±̂ ¡ ±) = p

nS¡1
X̂
SX̂;u+(g¡~s)®

d¡! N (0;§1) ;
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where §1 = ©
¡1
1 (­1 + ­2 ¡ 2­12)©¡11 , ©1 = E[X 0

iXi], ­1 = E[X
0
iXi¾

2], ­2 = E[w
2
i ´
0
i´i],

and ­12 = E[wiuiX
0
i´i].

The proofs are presented in Appendix A.

3 The General Case of a Semiparametric Regression

Model.

As in the previous section the data consists of independent observations f(xi; zi; yi; si); i =
1; :::; ng identically distributed as the Rp £Rq £R£R-valued multivariate random variable
(x; z; y; s). The model is given by

y = µ(x) + E(sjz)®+ u (10)

The auxilliary regression is written as

s = E(sjz) + " (11)

The errors u and the " may be correlated. Hence s and u may be correlated, but we

assume that (x; z) is uncorrelated with u. The regression function of interest is written as

y = µ(x) + ~E(sjz)®+ ´; (12)

where ´ = u+ [E(sjz)¡ ~E(sjz)]®.
Following Robinson's (1988) semi-parametric estimation approach, ® in (12) could be

estimated by

®̂ =

P
i( ~E(sijzi)¡ Ê[ ~E(sijzi)jxi])(yi ¡ Ê(yijxi))P

i( ~E(sijzi)¡ Ê[ ~E(sijzi)jxi])2
(13)

where Ê(¢jx) is a nonparametric estimate of E(¢jx), and ~E(¢jz) is a nonparametric estimate
of E(¢jz). A direct application of Robinson's (1988) method in (12) requires two trimming
parameters (in addition to the two smoothing parameters) to overcome the random denom-

inator problem that arises in kernel estimation. However, the technical di±culties of using

a trimming method in the context of double kernel estimation prove di±cult to overcome.

Therefore, we choose to assume a bounded density function to avoid the random denominator

problem. We estimate E(sijxi) and E(yijxi) respectively by

ŝi =
1
nap

P
j 6=i sjKij

f̂x(xi)
; (14)
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ŷi =
1
nap

P
j 6=i yjKij

f̂x(xi)
; (15)

and fx(xi), the probability density function (p.d.f) of xi, by f̂x(xi) =
1
nap

P
j 6=iKij, where

Kij = K(
xi¡xj
a
) is the kernel function and a is the smoothing parameter. We use a product

kernel, K(u) =
Qp
l=1 k(ul); ul is the lth component of u.

We estimate E(sijzi) by

~si =
1
nbq

P
j 6=i sj ¹Kij

~fz(zi)
; (16)

and fz(zi) is estimated by ~fz(zi) =
1
nbq

P
j 6=i ¹Kij , where ¹Kij = ¹K( zi¡zj

b
) is the kernel function

associated with z and b is the corresponding smoothing parameter ( ¹K(¢) is also a product
kernel). We also need to estimate EfE(sijzi)jxig. Its kernel estimate is given by

~̂si =
1
nap

P
j 6=i ~sjKij

f̂x(xi)
´ 1

napf̂x(xi)

X

j 6=i
[

1

nbq ~fz(zj)

X

l 6=j
sl ¹Klj]Kij : (17)

Let gi = g(zi) = E(sijzi), and using the same notation introduced above, where "~"
denotes kernel estimator conditional on z, e.g. ~Ai = ~E(Aijzi) =

h
1
nbq

P
j 6=i Aj ¹Kij

i
= ~fi; we have

that (12) becomes

yi = µi + ~si® + (gi ¡ ~si)® + ui (18)

From (18), we have

ŷi = µ̂i + ~̂si® + (ĝi ¡ ~̂si)® + ûi (19)

where

Âi = Ê(Aijxi) =
1
nap

P
j 6=iAjKij

f̂i

where as before "^" denotes estimation conditional on x. Subtracting (19) from (18) yields,

yi ¡ ŷi = µi ¡ µ̂i + (~si ¡ ~̂si)®+ (gi ¡ ~si)® ¡ (ĝi ¡ ~̂si)®+ ui ¡ ûi (20)

We estimate ® by regressing y ¡ ŷ on ~s ¡ ~̂s. Denotes SA;B =
1
n

P
iAiB

0
i and SA = SA;A, we

have

®̂ = S¡1
~s¡~̂sS~s¡~̂s;y¡ŷ:

Using the assumptions that were given in the previous section we are now presenting the

main results in the form of two theorems. Theorem 2 collects some intermediate results that

are important in the derivation of the asymptotic distribution of b® given in Theorem 3.

6



Theorem 2 Under assumptions (A1) and (A2), as n ! 1,

(i) S~s¡~̂s
p¡! E[(g1 ¡ h1)0(g1 ¡ h1)]

(ii)
p
nS~s¡~̂s;u

d¡! N(0;§)

(iii)
p
n

³
S~s¡~̂s;µ¡µ̂ + S~s¡~̂s;(g¡~s)® ¡ S~s¡~̂s;(ĝ¡~̂s)® ¡ S~s¡~̂s;û

´
= op(1)

where § = ¾2E[(g1 ¡ h1)0(g1 ¡ h1)].

Theorem 3 Under assumptions (A1) and (A2), as n ! 1,
p
n(®̂¡ ®) d¡! N

³
0; ¾2(E[(g1 ¡ h1)0(g1 ¡ h1)])¡1

´
(21)

The proofs are presented in the appendix B.

In the next section we will analyze the properties of the above estimator by means of a

Monte Carlo invetsigation.

4 The Results of Monte Carlo Study

Based on the model of the previous section our design has

µ(x) = (¯1x1 + ¯2x2)
2; (¯1 = ¯2 = 1 )

s =
h
(z1 + z2)

2; z2
i
° + e; (° = (1; 1)0 )

where e is normal with N(0; ¾2e), xi (i=1, 2) are generated from a uniform distribution on [1,

2] and zi (i=1, 2) are generated according to

zi = xi±i + vi; i = 1; 2 ;

where vi is normal with N(0; ¾
2
v), ±i = cov(xi; zi)=¾

2
xi
. We assume that xi and zi are correlated

with ½i =
cov(xi;zi)
¾xi¾zi

. We choose the coe±cients of ±i(= ±) (i=1, 2) by using ± =
p
12¾½p
1¡½2

. For

instance, ± = 0.35, 2 and 7.15 if ¾ = 1 such that ½ = 0.1, 0.5 and 0.9 respectively, the

correlation coe±cients between x and z. We set ¾2v = 1. Then y is generated by

y = µ(x) + E(sjz)®+ u;

where E(sjz) = [(z1 + z2)2; z2]° and u » N(0; ¾2u).
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We use the following three methods to estimate ®. The we proceed to compare the di®erent

estimates in terms of their Mean Absolute Bias and Mean Squared Error performance.

(i) Truel Model Estimation: We use the true E(sjz) as a regressor and estimate the model
to obtain an estimate of its coe±ccient ®. This is the case of an unattainable benchmark.

(ii) Misspeci¯ed Linear Estimation: We treat as if E(sjz) were a linear function of z and use
the estimate of E(sjz) which comes from a linear regression to estimate ®. This is the case

of a misspeci¯ed benchmark where we treat the generating regression (auxilliary regression)

as a linear one.

(iii) Double Kernel Estimation: We deal with an unknown function of the conditional mean

E(sjz), and use the double normal kernel to estimate E[E(sjz)jx]: Then obtain we obtain the
estimate of ®.

Application of the non-parametric estimation requires that kernels and bandwidths be

chosen properly. In addition to choose the normal kernels, we choose the same bandwidth

for estimation, which h = cn¡
1

4+p where c = 1, p = 2 and n is the corresponding sample size.

Table 1 and Table 2 report the results of mean absolute bias and mean square error (MSE)

for ®̂ in the case of ¾ = 1 and ¾ = 2 respectively. By varying ¾ we can control the noise in

the data generating process. There were 4000, 2000 and 1000 replications for sample sizes

of n = 100; 200 and 400 respectively. We consider the di®erent cases in the correlation of

½ = 0:1, 0:5 and 0:9 between x and z, the explanatory variables.

From Table 1 and Table 2, we see that the bias and MSE both decrease in the true model

and the double kernel estimations as the sample size n increases, but the misspeci¯ed model

(linear) shows a small increase. That is, the misspeci¯ed estimate will get worse when the

sample size is large, which is to be expected because the estimates will be inconsistent in this

case. Also the bias and MSE in the double kernel estimation method decrease signi¯cantly

as the correlation between the z0s and the x0s increases, since that is when the estimator is

designed to be at its best. However, as expected for very low correlations (low values of ½) the

double kernel estimates are not as good, especially when ¾ is small. However, even then they

show and improvement asymptotically. In all cases as expected the estimator of ® from the

true model dominates the others. However this is an unrealistic benchmark, since a researcher

can hardly be expected to know the data generating mechanism of the auxilliary regression.

The case of the misspeci¯ed linear is of interest, since it demonstrates the danger of assuming

a linear expecations formation mechanism as it is done routinely in the literature, if in fact
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this is an incorrect speci¯cation. In that case the parameter estimates will be severely biased

and inconsistent.

The performance of the double kernel nonparametric estimator is encouraging as it be-

haves fairly well in moderate samples and shows an improvement with sample size. The

payo® from its use is most noticeable when the explanatory variables are correlated.

Table 1: ¾ = 1

CASE ½ = 0:1 ½ = 0:5 ½ = 0:9
BIAS MSE BIAS MSE BIAS MSE

n = 100
Truel Model 0:0423 0:0028 0:0434 0:0020 0:0144 0:0002
Linear Model 0:5885 0:3500 0:8469 0:7173 0:9545 0:9111
Double Kernel 0:6359 0:4337 0:4067 0:1706 0:0981 0:0101

n = 200
Truel Model 0:0311 0:0014 0:0399 0:0016 0:0140 0:0002
Linear Model 0:5947 0:3553 0:8483 0:7197 0:9547 0:9115
Double Kernel 0:5020 0:2614 0:3226 0:1055 0:0816 0:0068

n = 400
Truel Model 0:0239 0:0008 0:0359 0:0013 0:0135 0:0002
Linear Model 0:5990 0:3595 0:8493 0:7213 0:9549 0:9117
Double Kernel 0:3977 0:1610 0:2577 0:0669 0:0679 0:0046

Table 2: ¾ = 2

CASE ½ = 0:1 ½ = 0:5 ½ = 0:9
BIAS MSE BIAS MSE BIAS MSE

n = 100
Truel Model 0:0138 0:0003 0:0110 0:0001 0:0036 0:0000
Linear Model 0:7867 0:6201 0:9254 0:8564 0:9775 0:9555
Double Kernel 0:1994 0:0494 0:1207 0:0159 0:0371 0:0018

n = 200
Truel Model 0:0099 0:0001 0:0102 0:0001 0:0035 0:0000
Linear Model 0:7905 0:6255 0:9260 0:8575 0:9776 0:9557
Double Kernel 0:1546 0:0270 0:0929 0:0090 0:0299 0:0010

n = 400
Truel Model 0:0072 0:0001 0:0092 0:0001 0:0034 0:0000
Linear Model 0:7925 0:6283 0:9263 0:8580 0:9777 0:9558
Double Kernel 0:1206 0:0156 0:0726 0:0054 0:0236 0:0006
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5 An Application to Labor Survey Data

In this section, the estimator ®̂ is calculated for a sample from the Labor and Manpower

Activity Survey of 1989 in Canada (LMAS89). The data set consists of 8254 observations in

Ontario on the wages and various demographic characteristics which are education, gender,

job length, age, marital status, children and birth place (born in Canada or not). We want

to examine the extent to which expected job length a®ects wage earnings. Thus, we use the

logaritm of annual wage earnings (y) as the dependent variable of interest, we let x denote

education and gender, s denote the job length (job tenure) and z denote age, marital status,

number of children and place of birth. Then E(sjz) is the expected job length conditional on
the variables of z. This decomposition of the conditioning variables is a somewhat arbitrary,

but it can be justi¯ed on the grounds that the z variables a®ect salary only to the extent

that they determine expected job length.

Table 3 lists the overall information for this data set of total 8254 observations. We

can see that the ln(wage) values are in the range between 2.4849 and 13.7441, that is, the

annual wage in falls in the range [$12; $931; 079]. The education variable takes values from

1 to 7 which denote the following categories; 1: 0 to 8 years; 2: some secondary education;

3: graduated from high school; 4: some post-secondary; 5: post-secondary certi¯cate or

diploma; 6: university degree; 7: trades certi¯cate or diploma. The index of 1 in Gender

stands for Female, 0 for Male. The job length is in the range between 0 and 44 years. The

age is grouped as 8 groups which take values 1: 16 years; 2: 17-19 years; 3: 20-24; 4: 25-34;

5: 35-44; 6: 45-54; 7: 55-64; 8: 65-69 years.

Table 4 reports the results of estimator ®̂, standard deviation and its t-statistic. It

shows that the impact of wage on the expected job length is signi¯cant. The above example

illustrates the usefulness of the method which avoids imposing a linear speci¯cation of the

auxilliary equation. As it was seen by the limited Monte Carlo results reported in the previous

section this can have serious consequences for the quality of the estimates if the linearity

assumption is incorrect.

10



Table 3: A Summary of Labor Survey Data

V ariable Size(N) Mean StdDev Minimum Maximum
Ln(Wage) 8254 9:7122 1:1276 2:4849 13:7441
Education 8254 3:7894 1:6321 1 7
Gender 8254 0:4850 0:4998 0 1

Job Length(year) 8254 6:7001 7:9036 0 44
Age 8254 4:5394 1:4569 1 8

Marital Status 8254 0:6461 0:4782 0 1
Kids 8254 0:7122 0:9903 0 6

Birth P lace 8254 0:8190 0:3850 0 1

Table 4: Double Kernel Estimate Results

EstimatorV alue StdDev MSE T ¡ Statistic
® 0:10008 0:003182 31:4453

¹E(sjz) 6:74977 3:540385 46:0167

6 Conclusion

In this paper we derive the asymptotic distribution of a double kernel nonparametric estimator

for a partially linear semiparametric model with generated regressors among the variables of

the linear part. The generated regressor is in this case expressed as the conditional mean of

certain exogenous variables (the auxilliary regression). This conditional mean is left to be

of an unknown function form. We assume a correlated error structure between the partial

linear equation of interest and the auxilliary equation. Monte Carlo evidence suggests that

the proposed estimation behaves quite well in samples of moderate size. The usefulness of

the estimator is illustrated using a sample of Canadian data.
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Appendix A

First, we de¯ne g(zi) = E(sijzi), wi = si ¡ E(sijzi) ´ si ¡ g(zi), ~si = ~E(sijzi), ~̂si = ~̂E(sijzi)
, and vi = g(zi) ¡ h(xi) with E(vijxi) = 0. Note that ~si estimates g(zi) and ~̂si estimates

E[E(sijzi)jxi] = E[g(zi)jxi] ´ h(xi).

Lemma 1 Let Xi = (x
0
i; gi) and X̂ = (X̂ 0

1; X̂
0
2; :::; X̂

0
n)
0. Also wi = si¡g(zi) and E(wijzi) = 0.

(i) SX̂ = ©1 + op(1);

(ii) SX̂;(g¡~s)® = ¡n¡1 P
wi´i + op(n

¡1=2);

(iii) SX̂;u = n
¡1 P

Xiui + op(n
¡1=2),

where ´i = 2®f (zi)E(Xjjzj = zi).
Proof of (i): Notice that SX̂ = SX + SX̂¡X + 2SX;X̂¡X and X̂i ¡ Xi = (00; ~s ¡ g). Then

SX̂¡X » S~s¡g = S~g¡g+ ~w = S~g¡g+S ~w+2S~g¡g; ~w = op(n¡1=2) by Proposition 3, 4 of Appendix B

and Cauchy Inequality. Also SX = ©1+ op(1) by exactly the same arguments as in the proof

of lemma A.6 of Fan and Li (1996), and SX;X̂¡X · fSXSX̂¡Xg1=2 = fOp(1)op(1)g1=2 = op(1).
Therefore SX̂ = ©1 + op(1).

Proof of (ii): SX̂;(g¡~s)® = SX;(g¡~s)®+SX̂¡X;(g¡~s)® = SX;(g¡~g)®¡ ~w®+SX̂¡X;(g¡~s)® » SX;(g¡~g)®¡
SX; ~w® + Sg¡~s;(g¡~s)® » ¡SX; ~w® + op(n¡1=2) by the same proof in (i) above and in Proposition
9 of Appendix B. Then we show that SX; ~w® = n

¡1 P
wi´i as follows.

SX; ~w® = n
¡1 X

i

Xi ~wi® =
®

n2bq
X

i

Xi

X

j 6=i
wj ¹Kji =

1

n2
X

i

X

j>i

H(Di; Dj)

where H(Di; Dj) = b
¡q(Xiwj +Xjwi)® ¹Kij and Di = (xi; zi; wi).

Note that E(wijzi) = 0 and H(Di; Dj) is symmetric. By H-decomposition of U-statistic,
we have SX; ~w® =

2
n

P
iH(Di) + o(1), where

H(Di) =
Z
H(Di; Dj)dF (Dj)

=
Z
b¡q(Xiwj +Xjwi)® ¹KijdF (Dj)

= ®b¡qXi

Z
wj ¹KijdF (Dj) + ®b

¡qwi

Z
Xj ¹KijdF (Dj)

= ®b¡qXiEj[wj ¹Kij ] + ®b
¡qwi

Z
Xj ¹KijdF (Dj)

= ®b¡q
½
XiEj [ ¹KijE(wjjzj)] + wi

Z
Xj
¹Kijf(Xj; zj)dXjdzj

¾

= ®b¡qwi

Z
Xj
¹K

µ
zj ¡ zi
b

¶
f (Xjjzj)f(zj)dXjdzj

12



= ®wi

Z
Xj
¹K(t)f(Xjjzj = zi + bt)f (zi + bt)dXjdt

= ®wi

Z
Xjf(Xjjzj = zi)f (zi)dXj

Z
¹K(t)dt+ o(1)

= ®wif (zi)E[Xj jzj = zi] + o(1)

Therefore, SX̂;(g¡~s)® = ¡ 2
n

P
i ®wif (zi)E[Xj jzj = zi] + op(n¡1=2) = ¡ 1

n

P
iwi´i + op(n

¡1=2).

Proof of (iii): SX̂;u = SX;u + SX̂¡X;u » SX;u + S~s¡g;u. Notice that S~s¡g;u = S~g¡g+ ~w;u =

S~g¡g;u + S ~w;u = op(n¡1=2) by Proposition 14 and 17 of Appendix B. So SX̂;u = n
¡1 P

Xiui +

op(n
¡1=2).

Proof of Theorem 1.

By the proof of Lemma 1, we have SX̂;(g¡~s)®+u = n¡1
P
i(Xiui ¡ wi´i) + op(n

¡1=2). Since

E(Xiui¡wi´i) = 0 and the variance of (Xiui¡wi´i) is equal to E[(Xiui¡wi´i)0(Xiui¡wi´i)] =
E[X 0

iXi¾
2] +E[w2i ´

0
i´i]¡ 2E[uiwiX 0

i´i] = ­1 +­2 ¡ 2­12, by Lindeberg Central Limit Theo-
rem, we have

p
n(±̂ ¡ ±) = p

nS¡1
X̂
SX̂;u+(g¡~s)®

d¡! N (0;§1).

13



Appendix B

As de¯ned in Appendix A, we have wi = si ¡ E(sijzi) ´ si ¡ g(zi), ~si = ~E(sijzi) p¡! g(zi),

~̂si = ~̂E(sijzi) p¡! E[E(sijzi)jxi] = E[g(zi)jxi] ´ h(xi) , and vi = g(zi)¡h(xi) with E(vijxi) =
0. Therefore we have

si = gi + wi where E(wijzi) = 0

~si = ~gi + ~wi = gi + (~gi ¡ gi) + ~wi

~̂si = ~̂gi + ~̂wi = hi + (ĥi ¡ hi) + (~̂gi ¡ hi) + ~̂wi

~si ¡ ~̂si = (gi ¡ hi) + (~gi ¡ gi) + ~wi ¡ (ĥi ¡ hi)¡ (~̂gi ¡ ĥi)¡ ~̂wi

Proposition 1 Sµ¡µ̂ = Op
³
a2º + 1

nap

´
= op(n

¡1=2), that is,E[(µ̂1 ¡ µ1)2] = Op
³
a2º + 1

nap

´

E[(µ̂1 ¡ µ1)2] = E

"
1
nap

P
i 6=1(µi ¡ µ1)Ki1

f̂x1

#2

= E

2
4 1

nap
X

i 6=1
(µi ¡ µ1)Ki1

Ã
1

fx1
+ (

1

f̂x1
¡ 1

fx1
)

!3
5
2

= E

2
4 1

nap
X

i 6=1
(µi ¡ µ1)Ki1

Ã
1

fx1
+
fx1 ¡ f̂x1
f2x1

+
(fx1 ¡ f̂x1)2

f 2x1

1

f̂x1

!3
5
2

= E

"
1
nap

P
i 6=1(µi ¡ µ1)Ki1

fx1

#2
+ (s:o:)

·
µ
1

nap

¶2
c2

X

i 6=1

X

j 6=1
E[(µi ¡ µ1)(µj ¡ µ1)Ki1Kj1]

=
µ
1

nap

¶2
c2

X

i=j 6=1
E[(µi ¡ µ1)2K2

i1]

+
µ
1

nap

¶2
c2

X

i 6=j;i 6=1

X

j 6=1
E[(µi ¡ µ1)(µj ¡ µ1)Ki1Kj1]

· c2

(nap)2
(nap + n2ap+ºap+º) = O

µ
a2º +

1

nap

¶

where (s:o:) is a smaller order than the fpreceeding item. This is because it is true that

f̂(x)
p! f (x), i.e., f̂(x) ¡ f (x) = O((nap)¡1=2), and the density function of f(x) is bounded

14



by assumption. So, (fx¡f̂x)
fx

p! 0 as n ! 1, a! 0 and nap ! 1. Hence, (fx¡f̂x)k
fkx

p! 0 for all

k. It is obvious that the series of
P1
k=1

(fx¡f̂x)k
fkx

is a convergent series, and goes to zero if as

n ! 1, a ! 0 and nap ! 1. Therefore, the small order of (s:o) comes from

E

2
4 1

nap
X

i 6=1
(µi ¡ µ1)Ki1

Ã
1

fx1
+
fx1 ¡ f̂x1
f2x1

+
(fx1 ¡ f̂x1)2

f2x1

1

f̂x1

!3
5
2

= E

2
4 1

nap
X

i 6=1
(µi ¡ µ1)Ki1

1

fx1

Ã
1 +

1X

k=1

(fx1 ¡ f̂x1)k
fkx1

!3
5
2

= E

2
4 1

nap
X

i 6=1
(µi ¡ µ1)Ki1

1

fx1
(1 + o(1))

3
5
2

= E

"
1
nap

P
i 6=1(µi ¡ µ1)Ki1

fx1

#2
+ (s:o:)

It is the same argument for (s:o:) in the following discussions.

Similar to proof of Proposition 1, we have Proposition 2 and 3 as follows:

Proposition 2 Sh¡ĥ = Op
³
a2º + 1

nap

´
= op(n

¡1=2).

Proposition 3 Sg¡~g = Op
³
b2¹ + 1

nbq

´
= op(n

¡1=2).

Proposition 4 S~r = op(n
¡1=2), (r = w; or u).

We ¯rst consider the case of r = w.

EjS ~wj =
1

n

X

i

E[ ~w2i ] = E[ ~w21] = Ef 1
~f2z1

[(nbq)¡1
X

i 6=1
wi ¹K1i][(nbq)¡1

X

j 6=1
wj ¹K1j ]g

· MzEf[(nbq)¡2
X

i 6=1
w2i ¹K2

1i]g + s:o:

= Ef[n¡1b¡2qE1(w22 ¹K2
12)]g + s:o: = O((nbq)¡1); (B:1)

by Lemma 1 of Robinson (1998). We also used the fact that E(wijZ;X¡i) = 0, where

X¡i = (x1; :::; xi¡1; xi+1; :::; xn). Obviously (B.1) also proves S ~w = Op((nbq)¡1) (by bounded

f21 ).

The proof is identical to the case of r = w, simply replacing w by u in the above proof.

Similarly we have the following proposition:

Proposition 5 Sv̂ = op(n¡1=2).
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Proposition 6 S~r = op(n
¡1=2), (r = w or u).

Proof: For the case of r = w,

EjS ~̂wj = 1
n

P
iE[ ~̂w

2

i ] = E[ ~̂w
2

1] = [n
4a2pb2q]¡1

P
i 6=1

P
j 6=i

P
i0 6=1

P
j0 6=i0 E[wjwj0 ¹Kij

¹Ki0j0K1iK1i0

1
f̂2x1

~fzi
~fz
i0
] = [n4a2pb2q]¡1

P
i 6=1

P
j 6=i;i0

P
i0 6=1E[w

2
j
¹Kij
¹Ki0jK1iK1i0

1
f̂2x1

~fzi
~fz
i0
] = [n4a2pb2q]¡1fP

i 6=1
P
j 6=i;i0

P
i0 6=1(n¡ 1)(n¡ 1)(n¡ 3)E[w23 ¹K23

¹K43K12K14] + (n¡ 1)(n¡ 2)E[w23 ¹K2
23K

2
12] + s:o: =

O(n¡1 + (n2apbq)¡1) = O(n¡1). The same proof leads to EjS ~̂uj = O(n¡1).

Proposition 7 S~g¡ĥ = op(n
¡1=2).

By the de¯nition of gi = hi + vi, where E[vijxi] = 0, we have ĥi = ĝi ¡ v̂i. Then

~̂gi ¡ ĥi = ~̂gi ¡ ĝi + v̂i.

~̂gi ¡ ĥi = ~̂gi ¡ ĝi + v̂i =
1

nap
X

j 6=i
(~gj ¡ gj)Kji

1

f̂xi
+ v̂i

=
1

nap
1

nbq
X

j 6=i

X

l 6=j
(~gl ¡ gj) ¹KljKji

1

f̂xi
~fzj
+ v̂i

= Ti + v̂i

where Ti =
1
nap

1
nbq

P
j 6=i

P
l 6=j(~gl ¡ gj) ¹KljKji

1
f̂xi

~fzj
.

Hence S~̂g¡ĥ = ST+v̂. By the Cauchy inequality, we only need to show that ST = op(n
¡1=2)

and Sv̂ = op(n
¡1=2). Obviously Proposition 5 gives the result of the latter. So we only prove

the former below.

Proof for ST = O((na
pnbq)¡1 + b2¹):

Using T1 = [(na
p)¡1(nbq)¡1

P
i 6=1

P
j 6=iK1i(g(zj)¡ g(zi)) ¹Kij

1
f̂x1

~fzi
], we have

EjST j = E(T 21 )

= Ef 1

n4a2pb2q
X

i 6=1

X

j 6=i

X

i0 6=1

X

j0 6=i0

1

f̂2x1
~fzi ~fzi0

K1i(gj ¡ gi) ¹KijK1i0(gj0 ¡ gi0) ¹Ki0j0g

= Ef 1

n4a2pb2q
X

i 6=1

X

j 6=i

X

i0 6=1

X

j0 6=i0

1

f2x1fzifzi0
K1i(gj ¡ gi) ¹KijK1i0(gj0 ¡ gi0) ¹Ki0j0g+ (s:o:)

· c

n4a2pb2q
X

i 6=1

X

j 6=i

X

i0 6=1

X

j0 6=i0
E[K1i(gj ¡ gi) ¹KijK1i0(gj0 ¡ gi0) ¹Ki0j0] + (s:o:)

= Ig + (s:o:)

Case (1), all are di®erent for i; j; i0; j0:

Ig =
cn4

n4a2pb2q
E[K12(g4 ¡ g2) ¹K24K13(g5 ¡ g3) ¹K35]
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=
c

a2pb2q
E[E2[K12](g4 ¡ g2) ¹K24E3[K13](g5 ¡ g3) ¹K35]

=
c

a2pb2q
O(a2p)E[E2[(g4 ¡ g2) ¹K24]E3[(g5 ¡ g3) ¹K35]] by Lemma 2; Robinson (1988)

=
c

a2pb2q
O(a2p)O(b2p+2¹) by Lemma 1; Li (1996)

= O(b2¹)

Case (2), j 6= i but i0 6= i, j0 = j or i0 6= j, j0 = i. We only prove the case of i0 6= i, j0 = j:

Ig =
cn3

n4a2pb2q
E[K12(g4 ¡ g2) ¹K24K13(g4 ¡ g3) ¹K34]

=
c

na2pb2q
E[E2[K12](g4 ¡ g2) ¹K24E3[K13](g4 ¡ g3) ¹K34]

=
c

na2pb2q
O(a2p)E[E4[(g4 ¡ g2) ¹K24]E4[(g4 ¡ g3) ¹K34]] by Lemma 2; Robinson (1988)

=
c

na2pb2q
O(a2p)O(b2p+2¹) by Lemma 1; Li (1996)

= O(
b2¹

n
)

Case (3), j 6= i but i0 = i, j0 = j or i0 = j, j0 = i. We only prove the case of i0 = i, j0 = j:

Ig =
cn2

n4a2pb2q
E[K2

12(g3 ¡ g2)2 ¹K2
32] =

c

n2a2pb2q
E[E2[K

2
12](g3 ¡ g2)2 ¹K2

32]

=
c

n2a2pb2q
O(ap)E[(g3 ¡ g2)2 ¹K2

32] = O(
1

n2apbq
)

In summary, we have shown that EjST j = E(T 21 ) = O(b2¹) + O( b
2¹

n
) +O( 1

n2apbq
). Therefore,

ST = Op(b2¹ +
1

n2apbq
) = op(n¡1=2).

Proposition 8 Sg¡h;µ¡µ̂ = op(n
¡1=2)

E(S2
g¡h;µ¡µ̂) =

1

n2
X

i

X

j

E[(gi ¡ hi)(gj ¡ hj)(µi ¡ µ̂i)(µj ¡ µ̂j)]

=
1

n2
X

i=1

E[(gi ¡ hi)2(µi ¡ µ̂i)2]

+
1

n2
X

i

X

j 6=i
E[(gi ¡ hi)(gj ¡ hj)(µi ¡ µ̂i)(µj ¡ µ̂j)]

· 1

n2
nME[(µ1 ¡ µ̂1)2]

+
1

n2
X

i

X

j 6=i
Ef(µi ¡ µ̂i)(µj ¡ µ̂j)E[(gi ¡ hi)(gj ¡ hj)jX]g

= O(
1

n
)O

µ
a2º +

1

nap

¶
= O

Ã
a2º

n
+

1

n2ap

!

17



where X = (x1; x2; :::; xn), and using Proposition 1 and E[(gi ¡ hi)(gj ¡ hj)jX] = E[(gi ¡
hi)jX]E[(gj ¡ hj)jX] = E[vijX ]E[vj jX ] = 0 by i 6= j independence and E[vijxi] = 0. It

follows that Sg¡h;µ¡µ̂ = O
³
aºp
n
+ 1

n
p
ap

´
= op(n

¡1=2).

Proposition 9 Sg¡h;g¡~g = op(n¡1=2).

E[S2g¡h;g¡~g ] =
1

n2
X

i

E[(gi ¡ hi)2(gi ¡ ~gi)
2]

+
1

n2
X

i

X

j 6=i
E[(gi ¡ hi)(gj ¡ hj)(gi ¡ ~gi)(gj ¡ ~gj)]

· c

n
E[(g1 ¡ ~g1)2]

+
1

n2
X

i

X

j 6=i
E[vivj

1

nbq
X

i0 6=i
(gi ¡ gi0)

¹Kii0

~fzi

1

nbq
X

j0 6=j
(gj ¡ gj0)

¹Kjj0

~fzj
]

= O
µ
1

n
(b2¹ +

1

nbq
)
¶

+
1

n4b2q
X

i

X

j 6=i

X

i0 6=i

X

j0 6=j
E[vivj(gi ¡ gi0) ¹Kii0(gj ¡ gj0) ¹Kjj0

1

fzifzj
] + (s:o:)

= O

Ã
b2¹

n
+

1

n2bq

!
+ Ivg1 + (s:o:)

Case (1), all are di®erent for i 6= j 6= i0 6= j0:

Ivg1 =
1

n4b2q
n4E[v1v2

1

fz1fz2
E[(g1 ¡ g3) ¹K13jx1; z1]E[(g2 ¡ g4) ¹K24jx2; z2]]

· Mz

b2q
E[jv1v2j]O(bq+¹)O(bq+¹) = O(b2¹) by Lemma 1; Li (1996)

Case (2), for taking three of i; j; i0; j0 di®erent, there are two of them: i0 = j or j0 = i. We

only prove the case of i0 = j because of symetric.

Ivg1 =
1

n4b2q
n3E[v1v2

1

fz1fz2
(g1 ¡ g2) ¹K12E[(g2 ¡ g4) ¹K24jx2; z2]]

· Mz

nb2q
O(bq)O(bq+¹) = O(

b¹

n
)

Case (3), for taking two of i; j; i0; j0 di®erent, there is a case where i 6= j: i0 = j, j0 = i.

Ivg1 =
1

n4b2q
n2E[v1v2

1

fz1fz2
(g1 ¡ g2) ¹K12(g2 ¡ g1) ¹K21]

· Mz

n2b2q
E[v1v2(g1 ¡ g2)2 ¹K2

12]

= O
µ

1

n2b2q

¶
O(bq) = O(

1

n2bq
)
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In summary, we have E[S2g¡h;g¡~g ] · O
³
b2¹

n
+ 1

n2bq
)
´
+ In = O

³
b2¹

n
+ 1

n2bq
)
´
+O(b2¹)+O( b

¹

n
)+

O( 1
n2bq

). Then Sg¡h;g¡~g · O
³
b¹p
n
+ 1

n
p
bq
)
´
+ O(b¹) + O(

p
b¹p
n
) + O( 1

n
p
bq
). So,Sg¡h;g¡~g =

op(n
¡1=2).

Proposition 10 Sg¡h; ~w = op(n¡1=2).

E(S2g¡h; ~w) =
1

n2
X

i

X

j

E[(gi ¡ hi)(gj ¡ hj) ~wi ~wj]

=
1

n2
X

i=j

E[(gi ¡ hi)2 ~w2i ] +
1

n2
X

i 6=j

X

j

E[(gi ¡ hi)(gj ¡ hj) ~wi ~wj ]

· c

n
E[S ~w] +

1

n4b2q
X

i 6=j

X

j

X

i0 6=i

X

j0 6=j
E[

1
~fzi
~fzj
vivjwi0 ¹Kii0wj0 ¹Kjj0]

=
c

n
E[S ~w] +

1

n4b2q
X

i 6=j

X

j

X

i0 6=i

X

j0 6=j
E[

1

fzifzj
vivjwi0 ¹Kii0wj0 ¹Kjj0] + (s:o:)

· c

n
O(

1

nbq
) +

c

n4b2q
X

i 6=j

X

j

X

i0 6=i

X

j0 6=j
E[vivjwi0 ¹Kii0wj0 ¹Kjj 0]

= O(
1

n2bq
) +

c

n4b2q
X

i 6=j

X

j

X

i0 6=i

X

j0 6=j
E[E[vivj jX ]wi0 ¹Kii0wj0 ¹Kjj 0]

= O(
1

n2bq
)

where X = (x1; x2; :::; xn), and using proposition 4 and E[(gi ¡ hi)(gj ¡ hj)jX ] = E[(gi ¡
hi)jX]E[(gj ¡ hj)jX] = 0 by i 6= j independence. It follows that Sg¡h; ~w = Op

³
1

n
p
bq

´
=

op(n¡1=2).

Proposition 11 Sg¡h;r̂ = op(n¡1=2), where r = v or r = u.

We only prove the case of r = v, the same as the case r = u.

E(S2g¡h;v̂) =
1

n2
X

i

X

j

E[(gi ¡ hi)(gj ¡ hj)v̂iv̂j ]

=
1

n2
X

i=j

E[(gi ¡ hi)2v̂i2] +
1

n2
X

i 6=j

X

j

E[(gi ¡ hi)(gj ¡ hj)v̂iv̂j ]

· c

n
E[Sv̂] + E[(g1 ¡ h1)(g2 ¡ h2)v̂1v̂2]

=
c

n
E[Sv̂] +

1

n2a2p
X

i 6=1

X

j 6=2
E[

1

f̂x1 f̂x2
v1v2Ki1Kj2vivj]
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· c

n
E[Sv̂] +

c1
n2a2p

E[v1v2Ki1Kj2vivj ] + (s:o:)

= O(n¡2(ap)¡1) + Iv

Iv = O(
1

n2a2p
)
X

i 6=1

X

j 6=2
E[v1v2Ki1Kj2vivj ]

It is clear to see that Iv = 0 because for i 6= j, E[v1v2Ki1Kj2vivj] = EfE[v1Ki1viji]E[v2Kj2vjjj]g
= Ef(E[Ki1viE[v1jx1; i])ji]E[(Kj2vjE[v2jx2; j])jj]g = 0 by E[v1jx1; i] = E[v1jx1] = 0 or
E[v2jx2; j] = E[v2jx2] = 0. If i = j (but i; j 6= 1; 2), thenE[v1v2Ki1Ki2v

2
i ] = EfE[v1v2Ki1Ki2ji]v2i g

= Efv2iE[v1Ki1ji]E[v2Ki2ji]g = Efv2iE[(Ki1E[v1jx1; i])ji]E[(Ki2E[v2jx2; i])ji]g = 0 by
E(vijxi) = 0. Thus, Sg¡h;v̂ = op(n¡1=2).

Proposition 12 Sg¡h; ~̂w = op(n
¡1=2).

E(S2
g¡h; ~̂w) =

1

n2
X

i

X

j

E[(gi ¡ hi)(gj ¡ hj) ~̂wi ~̂wj]

=
1

n2
X

i=j

E[(gi ¡ hi)2 ~̂wi
2
] +

1

n2
X

i 6=j

X

j

E[(gi ¡ hi)(gj ¡ hj) ~̂wi ~̂wj]

· c

n
E[S ~̂w] + E[(g1 ¡ h1)(g2 ¡ h2) ~̂w1 ~̂w2]

=
c

n
E[S ~̂w] +

1

n4a2pb2q
X

i 6=1

X

j 6=2

X

i0 6=i

X

j 0 6=j
E[

1

f̂x1 f̂x2 ~fzi ~fzj
v1v2Ki1Kj2wi0 ¹Kii0wj 0 ¹Kjj 0]

· c

n
E[S ~̂w] +

c1
n4a2pb2q

E[v1v2Ki1Kj2wi0 ¹Kii0wj0 ¹Kjj0 ] + (s:o:)

= O(n¡2) + Ivw

Ivw = O(
1

n4a2pb2q
)

X

i 6=1

X

j 6=2

X

i0 6=i

X

j 0 6=j
E[v1v2Ki1Kj2wi0 ¹Kii0wj 0 ¹Kjj 0]

Case (1), all are di®erent for 1; 2; i; j; i0; j0. Then Ivw = O(
1

a2pb2q
)E[v1v2Ki1Kj2wi0 ¹Kii0wj0 ¹Kjj0 ] =

O( 1
a2pb2q

)EfE[v1v2Ki1Kj2ji; j]E[wi0 ¹Kii0wj0 ¹Kjj0 ji; j]g = 0, where E[v1v2Ki1Kj2ji; j] =
E[v1Ki1ji]E[v2Kj2jj] = EfKi1E[v1j1; i]jigEfKj2E[v2j2; j]jjg = 0 by E[vijxi] = 0.

Case (2), all are di®erent for 1; 2; i; j; i0; j0 except for one pair. We only prove the case

of i0 = 1 because of the same argument: Ivw = O( 1
na2pb2q

)E[v1v2Ki1Kj2w1 ¹Ki1wj0 ¹Kjj0] =

O( 1
na2pb2q

)EfE[v1Ki1w1 ¹Ki1v2Kj2ji; j]E[wj0 ¹Kjj 0ji; j]g = 0, where E[v1Ki1w1 ¹Ki1v2Kj2ji; j] =
E[v1Ki1w1 ¹Ki1ji]E[v2Kj2jj] = E[v1Ki1w1 ¹Ki1ji]EfKj2E[v2j2; j]jjg = 0 by E[v2jx2] = 0.
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Case (3), all are di®erent for 1; 2; i; j; i0; j0 except for two pairs. We only prove the case of

i0 = 1; j0 = 2 because of the same argument: Ivw = O(
1

n2a2pb2q
)E[v1v2Ki1Kj2w1 ¹Ki1w2 ¹Kj2] =

O( 1
n2a2pb2q

)Efv1w1E[Ki1
¹Ki1j1]v2w2E[Kj2

¹Kj2j2]g = O( 1
n2a2pb2q

)O(a2pb2q) = O(n¡2).

Case (4), all are di®erent for 1; 2; i; j; i0; j0 except for three pairs. We only prove the case of i0 =

1; j0 = 1; i0 = j0 because of the same argument: Ivw = O(
1

n3a2pb2q
)E[v1v2Ki1Kj2w

2
1
¹Ki1
¹Kj1] =

O( 1
n3a2pb2q

)Efv1w21E[Ki1
¹Ki1
¹Kj1j1]v2E[Kj2j2]g = O( 1

n3a2pb2q
)O(apb2q) = O( 1

n3ap
) = O(n¡2).

Thus, E(S2
g¡h; ~̂w) = O(n

¡2). That is, Sg¡h; ~̂w = op(n
¡1=2).

Proposition 13 Sg¡h;~̂g¡ĥ = op(n
¡1=2).

E(S2
g¡h;~̂g¡ĥ) =

1

n2
X

i

X

j

E[(gi ¡ hi)(gj ¡ hj)(~̂gi ¡ ĥi)(~̂gj ¡ ĥj)]

=
1

n2
X

i=j

E[(gi ¡ hi)2(~̂gi ¡ ĥi)2] +
1

n2
X

i 6=j

X

j

E[(gi ¡ hi)(gj ¡ hj)(~̂gi ¡ ĥi)(~̂gj ¡ ĥj)]

· c

n
E[S~̂g¡ĥ] + E[(g1 ¡ h1)(g2 ¡ h2)(~̂g1 ¡ ĥ1)(~̂g2 ¡ ĥ2)]

=
c

n
E[S~̂g¡ĥ] +

1

n4a2pb2q
X

i 6=1

X

j 6=2

X

i0 6=i

X

j0 6=j
E[

v1v2

f̂x1 f̂x2 ~fzi ~fzj
Ki1(gi0 ¡ gi) ¹Kii0Kj2(gj0 ¡ gj) ¹Kjj0 ]

· c

n
E[S~̂g¡ĥ] +

c1
n4a2pb2q

X

i 6=1

X

j 6=2

X

i0 6=i

X

j0 6=j
E[v1v2Ki1(gi0 ¡ gi) ¹Kii0Kj2(gj0 ¡ gj) ¹Kjj0] + (s:o:)

= O(n¡1)O(b2º + (n2apbq)¡1) + Ivg

Ivg = O(
1

n4a2pb2q
)

X

i 6=1

X

j 6=2

X

i0 6=i

X

j 0 6=j
E[v1v2Ki1(gi0 ¡ gi) ¹Kii0Kj2(gj0 ¡ gj) ¹Kjj0 ]

Case (1), all are di®erent for 1; 2; i; j; i0; j0. Then Ivg = O(
1

a2pb2q
)E[v1v2Ki1Kj2(gi0¡gi) ¹Kii0(gj0¡

gj) ¹Kjj0 ] = O(
1

a2pb2q
)EfE[v1v2Ki1Kj2ji; j]E[(gi0 ¡ gi) ¹Kii0(gj0 ¡ gj) ¹Kjj0ji; j]g = 0

where E[v1v2Ki1Kj2ji; j] = E[v1Ki1ji]E[v2Kj2jj] = EfKi1E[v1j1; i]jigEfKj2E[v2j2; j]jjg = 0
by E[vijxi] = 0.

Case (2), all are di®erent for 1; 2; i; j; i0; j0 except for one pair. We only prove the case of i0 = 1

because of the same argument: Ivg = O( 1
na2pb2q

)E[v1v2Ki1Kj2(g1 ¡ gi) ¹Ki1(gj 0 ¡ gj) ¹Kjj0 ] =

O( 1
na2pb2q

)EfE[v1Ki1(g1 ¡ gi) ¹Ki1v2Kj2ji; j]E[(gj0 ¡ gj) ¹Kjj 0ji; j]g = 0, where E[v1Ki1(g1 ¡
gi) ¹Ki1v2Kj2ji; j] = E[v1Ki1(g1¡gi) ¹Ki1ji]E[v2Kj2jj] = E[v1Ki1(g1¡gi) ¹Ki1ji]EfKj2E[v2j2; j]jjg =
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0 by E[v2jx2] = 0.

Case (3), all are di®erent for 1; 2; i; j; i0; j0 except for two pairs. We only prove the case

of i0 = 1; j0 = 2 because of the same argument: Ivg = O(
1

n2a2pb2q
)E[v1v2Ki1Kj2(g1¡gi) ¹Ki1(g2¡

gi) ¹Kj2] = O(
1

n2a2pb2q
)Efv1(g1¡gi)E[Ki1

¹Ki1j1]v2(g2¡gi)E[Kj2
¹Kj2j2]g = O( 1

n2a2pb2q
)O(a2pb2q) =

O(n¡2).

Case (4), all are di®erent for 1; 2; i; j; i0; j0 except for three pairs. We only prove the case

of i0 = 1; j0 = 1; i0 = j0 because of the same argument: Ivg = O(
1

n3a2pb2q
)E[v1v2Ki1Kj2(g1 ¡

gi)2 ¹Ki1
¹Kj1] = O( 1

n3a2pb2q
)Efv1(g1 ¡ gi)2E[Ki1

¹Ki1
¹Kj1j1]v2E[Kj2j2]g = O( 1

n3a2pb2q
)O(apb2q) =

O( 1
n3ap

) = O(n¡2). Thus, E(S2
g¡h;~̂g¡ĥ) = O(n¡1)O(b2º + (n2apbq)¡1) + O(n¡2). That is,

Sg¡h;~̂g¡ĥ = op(n
¡1=2).

Proposition 14 S~g¡g;u = op(n¡1=2).

Using the independence of fuig and fxi; zig, and E(uijxi; zi) = 0 as well, E[ui(gi ¡
~gi)uj(gj ¡ ~gj)] = 0 for i 6= j. Then we have

E[S2g¡~g;u] =
1

n2
X

i

E[u2i (gi ¡ ~gi)
2] +

1

n2
X

i

X

j 6=i
E[ui(gi ¡ ~gi)uj(gj ¡ ~gj)]

=
1

n
E[u21(g1 ¡ ~g1)2]

=
1

n
E[u21

1

n2b2q ~f2z1

X

i 6=1

X

j 6=1
(gi ¡ g1) ¹Ki1(gj ¡ g1) ¹Kj1]

=
1

n
E[u21

1

n2b2qf2z1

X

i 6=1

X

j 6=1
(gi ¡ g1) ¹Ki1(gj ¡ g1) ¹Kj1] + (s:o:)

· c

n3b2q
X

i 6=1

X

j 6=1
E[u21(gi ¡ g1) ¹Ki1(gj ¡ g1) ¹Kj1] + (s:o:)

=
c

n2b2q
E[u21(g2 ¡ g1)2 ¹K21] +

c

nb2q
E[u21(g2 ¡ g1) ¹K21(g3 ¡ g1) ¹K31] + (s:o:)

= O(
1

n2bq
) +

c

nb2q
Efu21E1[(g2 ¡ g1) ¹K21]E1[(g3 ¡ g1) ¹K31]g

= O(
1

n2bq
) +O(

b2¹

n
)

Sg¡~g;u = O(
1

n
p
bq
) +O(

b¹p
n
) = op(n

¡1=2):

Proposition 15 Sĥ¡h;u = op(n
¡1=2).
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Similar arguments to Proposition 14, we can show that Sĥ¡h;u = O( 1
n
p
ap
) + O( a

ºp
n
) =

op(n
¡1=2).

Proposition 16 S~̂g¡ĥ;u = op(n
¡1=2).

As we used in proof of Proposition 14 that the independence of fuig and fxi; zig, and
E(uijxi; zi) = 0, we have

E(S2
~̂g¡ĥ;u) =

1

n
E[u21(~̂g1 ¡ ĥ1)2]

=
1

n3a2pf̂2x1

X

i 6=1

X

j 6=1
E[u21(~gi ¡ hi)Ki1(~gj ¡ gj)Kj1]

=
1

n5a2pb2qf̂2x1

X

i 6=1

X

j 6=1

X

i0 6=i

X

j 0 6=j

1
~fzi
~fzj
E[u21Ki1(gi0 ¡ gi) ¹Kii0Kj1(gj0 ¡ gj) ¹Kjj 0]

=
1

n5a2pb2qf2x1

X

i 6=1

X

j 6=1

X

i0 6=i

X

j 0 6=j

1

fzifzj
E[u21Ki1(gi0 ¡ gi) ¹Kii0Kj1(gj0 ¡ gj) ¹Kjj 0] + (s:o:)

· c

n5a2pb2q
X

i 6=1

X

j 6=1

X

i0 6=i

X

j0 6=j
E[u21Ki1(gi0 ¡ gi) ¹Kii0Kj1(gj0 ¡ gj) ¹Kjj 0] + (s:o:)

=
c

n4a2pb2q
X

i0 6=2

X

j0 6=2
E[u21K

2
21(gi0 ¡ g2) ¹K2i0(gj0 ¡ g2) ¹K2j 0]

+
c

n3a2pb2q
X

i0 6=2

X

j0 6=3
E[u21K21K31(gi0 ¡ g2) ¹K2i0(gj0 ¡ g3) ¹K3j 0] + (s:o:)

= Ii=j + Ii 6=j

Case (1), all are di®erent for i0; j0; 1; 2; 3:

Ii=j = O(
1

n4a2pb2q
)
P
i0 6=2

P
j0 6=2E[u

2
1K

2
21(gi0 ¡ g2) ¹K2i0(gj0 ¡ g2) ¹K2j0] = O(

1
n4a2pb2q

)O(n2)

Efu21E1[K2
21]E2[(gi0¡g2) ¹K2i0]E2[(gj0¡g2) ¹K2j0]g = O( 1

n4a2pb2q
)O(n2)O(ap)O(bq+¹)O(bq+¹)E[u21] =

O( b
2¹

n2ap
).

Ii 6=j = O(
1

n3a2pb2q
)
P
i0 6=2

P
j0 6=3E[u

2
1K21K31(gi0 ¡ g2) ¹K2i0(gj0 ¡ g3) ¹K3j0] = O(

1
na2pb2q

)

Efu21E1[K21]E1[K31]E2[(gi0 ¡ g2) ¹K2i0]E3[(gj0 ¡ g3) ¹K3j0]g = O( b2¹n ).

Case (2), all are di®erent except for one pairs: i0 = j0 or i0 = 1 or j0 = 1 or i0 = 3 or

j0 = 2 (in Ii 6=j). We only prove the cases of i0 = j0 and i0 = 1 for the reason of similarity.

For i0 = j0: Ii=j = O(
1

n3a2pb2q
)E[u21K

2
21(g3 ¡ g2)2 ¹K2

23] = O(
1

n3apbq
).

Ii 6=j = O(
1

n2a2pb2q
)E[u21K21K31(g4 ¡ g2) ¹K24(g4 ¡ g3) ¹K34] = O(

b2¹

n2
).

For i0 = 1: Ii=j = O(
1

n3a2pb2q
)Efu21K2

21(g1¡g2) ¹K21E21[(g3¡g2) ¹K21]g = O( b¹

n3a2pbq
)Efu21K2

21(g1¡
g2) ¹K21g = O( b¹

n3ap
).
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Ii 6=j = O(
1

n2a2pb2q
)E[u21K21K31(g1 ¡ g2) ¹K21(g4 ¡ g3) ¹K34] = O(

b¹

n2apbq
)E[u21K21(g1 ¡ g2) ¹K21] =

O( b
¹

n2
).

Case (3), only two pairs are equal: i0 = j0 = 1 or i0 = j; j0 = i.

For case i0 = j0 = 1: Ii=j = O(
1

n3a2pb2q
)E[u21K

2
21(g1 ¡ g2)2 ¹K2

21] = O(
1

n3apbq
).

Ii 6=j = O(
1

n2a2pb2q
)Efu21E1[K21(g1 ¡ g2) ¹K21]E1[K31(g1 ¡ g3) ¹K31]g = O( 1n2 ).

For case i0 = j; j0 = 1: Ii=j not applicable because i = j and i0 6= i.
Ii 6=j = O(

1
na2pb2q

)Efu21E[K21K31jx1; Z](g3 ¡ g2) ¹K23(g1 ¡ g3) ¹K31g = O( 1
nb2q
)

Efu21(g1 ¡ g3) ¹K31E[(g3 ¡ g2) ¹K23j1; 3]g = O( b¹nbq )Efu21(g1 ¡ g3) ¹K31g = O( b2¹n ).
From the cases above, we can say that Ii=j + Ii 6=j = op(n¡1=2). Thus, S~̂g¡ĥ;u = op(n

¡1=2).

Proposition 17 S ~w;u = op(n
¡1=2).

E(S2~w;u) =
1

n2
X

i

X

j

E[uiuj) ~wi ~wj] =
1

n
E[u21 ~w

2
1 ]

=
1

n3b2q
X

i 6=1

X

j 6=1
E[

1
~fz1
~fz1
u21wi ¹Ki1wj ¹Kj1]

=
1

n2b2q
E[

1

f2z1
u21w

2
2
¹K21] +

1

nb2q
E[
1

f2z1
u21w2 ¹K21w3 ¹K31] + (s:o:)

· c

n2b2q
E[u21w

2
2
¹K21] +

c

nb2q
E[u21w2 ¹K21w3 ¹K31] + (s:o:)

= O(
1

n2b2q
)E[u21w

2
2
¹K21] = O(

1

n2bq
);

where we used E[u21w2 ¹K21w3 ¹K31] = Efu21 ¹K21
¹K31E[w2j1; 2; 3]E[w3j1; 2; 3]g = 0 by E[wijzi] =

0. Hence, S ~w;u = O(
1

n
p
bq
) = op(n

¡1=2).

Proposition 18 S ~̂w;u = op(n
¡1=2).

E(S2
~̂w;u
) =

1

n2
X

i

X

j

E[uiuj) ~̂wi ~̂wj] =
1

n
E[u21 ~̂w1

2
]

=
1

n5a2pb2q
X

i 6=1

X

j 6=1

X

i0 6=i

X

j0 6=j
E[

1

f̂ 2x1
~fzi ~fzj

u21Ki1Kj1wi0 ¹Kii0wj0 ¹Kjj0 ]

=
1

n5a2pb2q
X

i 6=1

X

j 6=1

X

i0 6=i

X

j0 6=j
E[

1

f 2x1fzifzj
u21Ki1Kj1wi0 ¹Kii0wj0 ¹Kjj0 ] + (s:o:)
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· c

n5a2pb2q
X

i 6=1

X

j 6=1

X

i0 6=i

X

j0 6=j
E[u21Ki1Kj1wi0 ¹Kii0wj 0 ¹Kjj 0] + (s:o:)

=
c

n4a2pb2q
X

i0 6=2

X

j 0 6=2
E[u21K

2
21wi0 ¹K2i0wj 0 ¹K2j0]

+
c

n3a2pb2q
X

i0 6=2

X

j 0 6=3
E[u21K21K31wi0 ¹K2i0wj0 ¹K3j0] + (s:o:)

= Ai=j +Ai 6=j + (s:o:)

Case (1), all are di®erent for i0; j0; 1; 2; 3. Then

Ai=j =
c

n2a2pb2q
E[u21K

2
21w3 ¹K23w4 ¹K24] =

c
n2a2pb2q

Efu21K2
21E[w3 ¹K23w4 ¹K24j1; 2]g = c

n2a2pb2q

Efu21K2
21E[w3 ¹K23j1; 2]E[w4 ¹K24j1; 2]g = c

n2a2pb2q
Efu21K2

21E[(E[w3j3] ¹K23)j1; 2]E[(E[w4j4] ¹K24)j1; 2]g
= 0 by E[wijzi] = 0.
Ai 6=j =

c
na2pb2q

E[u21K21K31w4 ¹K24w5 ¹K35] = 0 by the same arguments above.

Case (2), all are di®erent except for one pairs: i0 = j0 or i0 = 1 or j0 = 1 or i0 = 3 or

j0 = 2 (in Ai 6=j). We only prove the cases of i0 = j0 and i0 = 1 for the reason of similarity.

For i0 = j0: Ai=j = O(
1

n3a2pb2q
)E[u21K

2
21w

2
3
¹K2
23] = O(

1
n3apbq

).

Ai 6=j = O(
1

n2a2pb2q
)E[u21K21K31w

2
4
¹K24

¹K34] = O(
1
n2
).

For i0 = 1: Ai=j = O(
1

n3a2pb2q
)Efu21K2

21w1 ¹K21w3 ¹K32g = 0 by E[w3 ¹K32j1; 2]
= Ef(E[w3j1; 2; z3] ¹K32)j1; 2g = 0.

Case (3), only two pairs are equal: i0 = j0 = 1 or i0 = j; j0 = i.

For case i0 = j0 = 1: Ai=j = O(
1

n3a2pb2q
)E[u21K

2
21w

2
1
¹K2
21] = O(

1
n3apbq

).

Ai 6=j = O(
1

n2a2pb2q
)Efu21E[K21K31j1]w21E[ ¹K21

¹K31j1]g = O( 1n2 ).
For case i0 = j; j0 = 1: Ai=j not applicable because i = j and i0 6= i.
Ai 6=j = O(

1
na2pb2q

)Efu21K21K31w3 ¹K23w1 ¹K31g = 0 by E[wijzi] = 0.
From the cases above, we can say that Ai=j +Ai 6=j = op(n¡1=2). So, S ~̂w;u = op(n

¡1=2).

Proof of Theorem 2

First we prove Theorem 2 (i). Notice that S~s¡~̂s = S(g¡h)+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w =

Sv+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w;v+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w = Sv+2Sv;(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w = Sv+op(1)

by Cauchy Inequality and privious proofs of Propositions. Therefore, Sv
p¡! E[(g1¡h1)0(g1¡

h1)] by Proposition 1 in Li (1996). Thus, S~s¡~̂s
p¡! E[(g1 ¡ h1)0(g1 ¡ h1)].
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Then we prove Theorem 2 (ii). Notice that

p
nS~s¡~̂s;u =

p
nS(g¡h)+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w;u

=
p
nSv;u +

p
nS~g¡g;u ¡ p

nSĥ¡h;u ¡ p
nS~̂g¡ĥ;u +

p
nS ~w;u ¡ p

nS ~̂w;u

=
p
nSv;u + op(1) by Propositions 14¡ 18:

d¡! N(0;§): by Levy CLT under (A1) (A2):

where the last equality is obtained by using Proposition 15 in Robinson (1988). § = ¾2E[(g1¡
h1)0(g1 ¡ h1)], where g1 = g(z1) = E(s1jz1) and h1 = h(x1) = E[g(z1)jx1] = EfE[s1jz1]jx1g.

Finally in order to prove Theorem 2 (iii), we need to show that

(a) I =
p
nS~s¡~̂s;µ¡µ̂ = op(1);

(b) II =
p
nS~s¡~̂s;g¡~s = op(1);

(c) III =
p
nS~s¡~̂s;ĝ¡~̂s = op(1);

(d) IV =
p
nS~s¡~̂s;û = op(1):

Then
p
nS~s¡~̂s;(g¡~s)® = op(1), and

p
nS~s¡~̂s;(ĝ¡~̂s)® = op(1). So, Theorem 2 (iii) holds.

(a). Proof of I =
p
nS~s¡~̂s;(µ¡µ̂) = op(1).

I =
p
nS~s¡~̂s;µ¡µ̂ =

p
nS(g¡h)+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w;µ¡µ̂

=
p
nSg¡h;µ¡µ̂ +

p
nS~g¡g;µ¡µ̂ ¡ p

nSĥ¡h;µ¡µ̂ ¡ p
nS~̂g¡ĥ;µ¡µ̂ +

p
nS ~w;µ¡µ̂ ¡ p

nS ~̂w;µ¡µ̂

= I1 + I2 + I3 + I4 + I5 + I6

Proof of I1 =
p
nSg¡h;µ¡µ̂ = op(1).

By proposition 8, it follows that

I1 =
p
nSg¡h;µ¡µ̂ =

p
nOp

Ã
aºp
n
+

1

n
p
ap

!
= Op

Ã
aº +

1p
nap

!
= op(1):

Proof of I2 =
p
nS~g¡g;µ¡µ̂ = op(1).

Notice that S~g¡g;µ¡µ̂ · 2(S~g¡g + Sµ¡µ̂) by Cauchy Inequality. Then we have E[S~g¡g;µ¡µ̂] ·
2fE[S~g¡g] +E[Sµ¡µ̂]g = 2fE[ 1n

P
i(~gi ¡ gi)2] +E[ 1n

P
i(µi ¡ µ̂i)2]g = 2fE[(~g1 ¡ g1)2] +E[(µ1 ¡

µ̂1)
2]g. Therefore it is true that E[S~g¡g;µ¡µ̂] = O

³
b2¹ + 1

nbq

´
+ O

³
a2º + 1

nap

´
by Proposition

1 and 3. That is, I2 = op(1).
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The proof of I3 = op(1) is the same as the proof of I2 by using Proposition 1 and 2.

Proof of I5 =
p
nS ~w;µ¡µ̂ = op(1).

By Cauchy Inequality, and using Proposition 1 and 4, it is clear that

S ~w;µ¡µ̂ · 2fS ~w + Sµ¡µ̂g = op(n¡1=2) +O
µ
a2º +

1

nap

¶

That is, I5 =
p
nS ~w;µ¡µ̂ = op(1).

Proof of I6 =
p
nS ~̂w;µ¡µ̂ = op(1).

By Cauchy Inequality, and using Proposition 1 and 6, it is proved.

Finally, we use Proposition 7 to have I4 =
p
nS~̂g¡ĥ;µ¡µ̂ = op(1).

(b) Proof of II =
p
nS~s¡~̂s;g¡~s = op(1).

II =
p
nS~s¡~̂s;g¡~s =

p
nS(g¡h)+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w;(g¡~g)¡ ~w

=
p
nfSg¡h;g¡~g ¡ S~g¡g ¡ Sĥ¡h;g¡~g ¡ S~̂g¡ĥ;g¡~g ¡ S ~̂w;g¡~g

¡Sg¡h; ~w ¡ 2S~g¡g; ~w ¡ S ~w + Sĥ¡h; ~w + S~̂g¡ĥ; ~w + S ~̂w; ~wg

For
p
nSg¡h;g¡~g and

p
nSg¡h; ~w, we can show that they both equal to op(1) by Proposition 9

and 10. For the rest of them, by using Cauchy Inequality and Propositions of 1-7, all are

proved.

(c) Proof of III =
p
nS~s¡~̂s;ĝ¡~̂s = op(1).

III =
p
nS~s¡~̂s;ĝ¡~̂s =

p
nS(g¡h)+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w;¡(~̂g¡ĥ)+v̂¡ ~̂w

=
p
nSg¡h;ĥ¡~̂g +

p
nS~g¡g;ĥ¡~̂g ¡ p

nSĥ¡h;ĥ¡~̂g +
p
nS~̂g¡ĥ +

p
nS ~w;ĥ¡~̂g ¡ p

nS ~̂w;ĥ¡~̂g

+
p
nSg¡h;v̂ +

p
nS~g¡g;v̂ ¡ p

nSĥ¡h;v̂ ¡ p
nS~̂g¡ĥ;v̂ +

p
nS ~w;v̂ ¡ p

nS ~̂w;v̂

¡p
nSg¡h; ~̂w ¡ p

nS~g¡g; ~̂w +
p
nSĥ¡h; ~̂w +

p
nS~̂g¡ĥ; ~̂w ¡ p

nS ~w; ~̂w +
p
nS ~̂w

Using Propositions of 11-13, it is proved that
p
nSg¡h;v̂ = op(1),

p
nSg¡h; ~̂w = op(1), and

p
nSg¡h;ĥ¡~̂g = op(1). By using Cauchy Inequality and Propositions of 1-7, the rest all are

proved.

(d). Proof of IV =
p
nS~s¡~̂s;û = op(1).

IV =
p
nS~s¡~̂s;û

=
p
nS(g¡h)+(~g¡g)+ ~w¡(ĥ¡h)¡(~̂g¡ĥ)¡ ~̂w;û

=
p
nSg¡h;û +

p
nS~g¡g;û ¡ p

nSĥ¡h;û ¡ p
nS~̂g¡ĥ;û +

p
nS ~w;û ¡ p

nS ~̂w;û
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Proposition 11 gives us that
p
nSg¡h;û = op(1). By using Cauchy Inequality and Propositions

of 1-7, the rest all are proved.

Proof of Theorem 3

We now prove Theorem 3. By Theorem 2, it is clear to have

p
n(®̂¡ ®) =

p
nS¡1

~s¡~̂sS~s¡~̂s;u+(µ¡µ̂)+(g¡~s)®¡(ĝ¡~̂s)®¡û

= S¡1
~s¡~̂s

p
nS~s¡~̂s;u + S

¡1
~s¡~̂s

p
n

³
S~s¡~̂s;µ¡µ̂ + S~s¡~̂s;(g¡~s)® ¡ S~s¡~̂s;(ĝ¡~̂s)® ¡ S~s¡~̂s;û

´

= (Sg¡h)
¡1 p

nSg¡h;u + op(1)

d¡! (E[(g1 ¡ h1)0(g1 ¡ h1)])¡1N
³
0; ¾2E[(g1 ¡ h1)0(g1 ¡ h1)]

´

= N
³
0; ¾2(E[(g1 ¡ h1)0(g1 ¡ h1)])¡1

´
:
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