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Abstract

In this paper, we investigate semiparametric threshold regression models with
endogenous threshold variables based on a nonparametric control function approach.
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endogenous regressors. We show that our estimators are consistent and derive their
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a Monte Carlo simulation.
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1 Introduction

There are several economic theories that suggest threshold-like structures. For example, debt
levels that are above a particular threshold value may have different implications for economic
growth compared to more moderate levels of debt (e.g., Reinhart and Rogoff (2010)).
Another example is motivated by models of intergenerational mobility and poverty traps.
Under certain conditions, credit constraints (e.g., Galor and Zeira (1993)) or neighborhood
influences (e.g., Durlauf (1996)) may generate a linear transmission of socioeconomic status
within a group of individuals, while different levels of credit constraints or neighborhood
quality produce different intercepts and slopes. These types of nonlinearities can be modeled
by the threshold regression, which sorts the observations on the basis of some observed
threshold variable into regimes each of which obeys the same linear model. Threshold-
type regressions are also popular in nonlinear time-series. For example, the threshold-
autoregressive (TAR) model allows the autoregressive coefficients to change between the
regimes while they are constant in each regime based on some time-series which acts as a

threshold variable; see Tong (1990) for a review on TAR models.

The first generation of threshold regression models developed inference under the
assumption of exogenous or predeteremined threshold variables. Notable examples include
the works of Chan (1993), Hansen (2000), Caner and Hansen (2004), Seo and Linton (2007),
Gonzalo and Wolf (2005), Yu (2012), and Yu (2013). Recently, there is a growing interest in
threshold regression models that accommodate endogenous threshold variables in order to

identify the underlying mechanisms of such theories. Kourtellos, Stengos, and Tan (2016)

!The threshold regression is also related to a number of smoothed parametric or semiparametric
regressions. For example, the threshold regression can be viewed as a special case of the varying coefficient
model of Hastie and Tibshirani (1993) when the varying coefficients take the form of indicator functions.
Similarly, the Smooth Transition Autoregressive (STAR) model (e.g., Terasvirta, Granger, and Nelson
(1986)) replaces the indicator function in TAR with parametric smoothed transition functions such as the
logistic and the exponential functions.



propose estimation and inference for a threshold regression model that allows for an
endogenous threshold variable as well as for endogenous regressors under certain parametric
assumptions and using the diminishing threshold effect asymptotic framework proposed by
Hansen (2000) and Caner and Hansen (2004). In particular, in the spirit of Heckman’s
sample selection method, they account for the endogeneity bias by including regime specific
inverse Mills ratio bias correction terms in the threshold regression. Seo and Shin (2016)
study a dynamic threshold panel data model, which allows both regressors and threshold
effect to be endogenous. In particular, they propose first-difference GMM and two-step least
squares estimators as well as a bootstrap-based testing procedure for the presence of threshold
effect. An alternative method to deal with endogeneity was proposed by Yu and Phillips
(2015) who propose a nonparametric estimator of the threshold parameter, namely the
integrated difference kernel estimator. Using the fixed threshold effect framework of Chan
(1993) and assuming i.i.d. sample, they show that the threshold parameter can be partially
identified and estimated without the use of any instruments at the rate n. They also show
that while instrumental variables are not necessary for the identification and estimation of
the threshold effect parameters at the rate n, regime-specific regression coefficients can only

be identified and estimated at the usual \/n rate when instrumental variables are available.

In this paper we propose a semiparametric approach to deal with the endogeneity of
threshold variable and regressors that avoids the challenges of nonparametric estimators and
at the same time relaxes parametric assumptions. Specifically, we propose to estimate the
threshold parameter using a concentrated least squares (CLS) method of estimation which
includes a regime specific control function estimated by series estimation method based on
polynomial and splines.? We derive the limiting distribution of our proposed estimators

for both the threshold and slope parameters as well as for the smooth control function.

2Chen (2007) provides a recent survey of large sample results on nonparametric and semiparametric
estimation of econometric models using the method of sieves.



Finally, we propose a test for the endogeneity of the threshold variable and show that limit
distribution of the test statistic is the same under the null hypothesis regardless of whether

the threshold effect exists or not.

The rest of the paper is organized as follows. In Section 2, we propose a semiparametric
threshold model and derive limiting results for the proposed estimator in the case of
exogenous regressors. Section 3 extends the result to the case of endogenous regressors.
Section 4 considers testing for the endogeneity of the threshold variable. Section 5 reports
some Monte Carlo simulation results to assess the finite sample performance of our methods.
Section 6 concludes. We delay all the mathematical proofs in the Appendix. Supplementary
proofs are given in Kourtellos, Stengos, and Sun (2017)-henceforth, we will refer to this as

the Online Appendix.

2 Endogenous threshold variable

We begin by presenting the basic parametric structural threshold regression (or STR) model

Yy = xBi+ o, ¢ <Y (2.1)
Yy = XyB2+ oouy, ¢ > Yo (2.2)
fort =1,2,...,n, where y,; is dependent variable, x; is a d, x 1 vector of regressors, 3; and

[y are regime-specific coefficients, and wu, is an error with zero mean and unit variance. ¢, is
a scalar endogenous threshold variable with o being the threshold value. A reduced form

equation for ¢; is given by

G =z, + v, t=1,2,...,n, (2.3)



where z; is a d, x 1 vector of instrument variables for ¢ satisfying F(v,:z;) = 0 for all t.

The endogeneity of the threshold variable ¢, comes from the correlation between {u,} and
{vg.}-

The STR model is analogous to the sample selection model of Heckman (1979) in the
way that the endogenous dummy variable is modeled. Specifically, in the sample selection
model, the variable ¢; that determines the assignment of observations to regimes is latent,
but the assignment is known (given by the dummy variable). However, in the STR model,

we observe q;, but the threshold value 74 is an unknown parameter to be estimated.
Assuming F(u¢|@s, 2, v4t) = E(ut|vgt) = g (vg:) almost surely, we obtain
E (uelae, 21,040 < 70 — 2y7)

E g (vg) I (vge <0 — 2imy) |24, 24]
Fv\(x,Z) (70 - Zgﬂ'q)

= hy(2e, 21,70 — zi/tﬂ-Q)7

and similarly E (u¢|@y, 2, v4 > Y0 — 217g) = ho(®4, 20,70 — 2,7,), where g (+) is an unknown
function, Fy)(; ) (-) denotes the conditional cdf of vy given & = x and z; = z, and I(A) is an
indicator function equal to one if event A occurs and zero otherwise. Our estimation method
introduced below can be used to estimate the unknown functions, h;(x, z:, v — 2,7,),
however, it will incur severe curse-of-dimsionality problem. Without loss of essence, we
therefore consider the case that h;(x:, z¢, 70 — z;7,) = hj(y0 — zm,) for j =1, 2 and all .

Thus, we can rewrite model (2.1) and model (2.2), respectively, as

v = xB1+oihi(y — zmy) + e, ¢ < Yo (2.4)

v = xB2+ o2ha(yo — Z£7Tq) + €26, Gt > Y0 (2.5)

where ¢, = 0 [uy — hj(y — z7,)] for j=1,2.



Assuming that (ut,v,;) are jointly normally distributed and that o, = o9,
Kourtellos, Stengos, and Tan (2016) show that the two control functions take the form of
inverse Mills ratio bias correction terms

Py — zmy)
1=y — zm,)

o
by — 2img) =~ ST gyl — 2imy) =

Py — Ztﬂ'q)

(2.6)

where ¢(-) and ®(-) are the standard normal pdf and cdf, respectively. However, in
practice, it is often expected that the joint normality assumption is violated, which leads to
misspecification of the two inverse Mills ratio terms. In order to avoid this potential model
misspecification problem, this paper is aimed to simultaneously estimate all the unknown
parameters appearing in models (2.4) and (2.5) and the unknown inverse Mills ratio bias

terms without imposing the joint normality assumption.

As the functional forms of hy(-) and hy(-) are both unknown, we cannot identify
(70, 01,09) from hy () and hy (). Therefore, our semiparametric threshold regression model

is given by

e =2, B1 1 (¢ < 7o)+ 2,821 (¢ > v0)+h (zimy) I(qr < o)+ ha (zi7y) I(qe > o) +er, (2.7)

where e, = e L(q < Y0) + €2l (@ > o) with €, = oju; — hj(2z;m,) for j = 1,2. Using the

definitions & = B — Ba, n (w) = hq (w) — hy (W), where w € R, we can rewrite (2.7) as

= P + ;01 (¢ < o) + ha (zim,) + 1 (zi7y) I < Y0) + &4, (2.8)

Note that we set hy (0) = hy (0) = 0 for identification purpose when x; contains a constant
term one. When the threshold variable ¢, is exogenous, i.e., g (v) = 0, the control functions

hi(w) and ho(w) are omitted from model (2.7).



As in Hansen (2000), our asymptotic results are derived in the framework of “small
threshold” effect; i.e., we assume that the exogenous threshold effect, § = 4,,, and the
endogenous threshold bias correction term, 1 (w) = n, (w), both approach to zero slowly
as n diverges. It means that the endogeneity bias vanishes in large samples and that
endogenous regime changes temporally exist around a threshold value. Below, we summarize

the assumptions that support our model (2.8).

Assumption 1. (i) {(=}, q;, 2z;, u¢)} is a strictly stationary strong mixing sequence with

the mixing coefficients of size —r/ (r — 2) for some r > 2;

(i) E(250) = 0, E(12,) = 02, E(|zw]") < o0 and E (HthTM) < o for some

d >0 and E (z;2z;) exists and is non-singular;

(iii) (a) {(us, Fnr) o, is a martingale difference sequence with E(u?|F, ;1) < 0o, where
Fuu is the smallest sigma-field generated from {(#),y, ¢ 2l 1, us) 11 <s<t<n}; (b)

E(u|Fpi—1,v4 = v) = g(v) for any v; (c) vy, is independent of F,, ;4 for any ¢ > 1.

(iv) for any A # 0, there is no measurable function m (v) such that &’ = m (2'n,)

when ¢; < 9 and when ¢; > 7o;

(V) mn (w) = n~%ny (w) and 8, = n=*d for some 0 < ¢, 0 < 1/2, §y # 0, and 7y (w) # 0

over at least one non-empty interval.

By Theorem 5.23 in White (2001), Assumptions 1(i)-(ii) are moment bounds.
Assumption 1(iii) states that (), z]) is contemporaneously exogenous in the model (2.1)-
(2.2) and (2.3). Because the central limit theorem for martingale difference sequences only
requires well-behaved moment conditions up to the second order, and the proofs for the
limit distribution of our proposed estimator implicitly incurs unbounded moments beyond
the second order, we therefore assume that {(e;, F,,;)};_, is a martingale difference sequence

which is ensured under Assumption 1(iii). Assumption 1(iv) is an identification condition



similar to Assumption 2.1 in Newey (2009). It is readily seen that 2’7, cannot equal a linear
combination of x, because h; (w) are unknown for j = 1, 2 in model (2.7). Assumption
1(v) regulates how fast the threshold effects vanish as the sample size increases. The reason
for this assumption is that in the case of fixed threshold effect the sampling distribution of
the threshold estimator is too complicated for inference. Specifically, Chan (1993) showed
that the asymptotic distribution of the threshold estimator depends on a host of nuisance
parameters including the marginal distribution of the regressors. To overcome this difficulty,
Hansen (2000) employed Assumption 1(v) that assumes that the difference between the slope
coefficients of the two regimes decreases as the sample size grows. That said, the diminishing
threshold effects framework is not the only way to deal with this problem. Li and Ling (2012)
propose a numerical approach to simulate the limiting distribution of the the estimator
of the threshold parameter based on a simulation of a related compound Poisson process.
An alternative approach is to introduce smoothness in the objective criterion to achieve
asymptotic normality. For example, Seo and Linton (2007) propose a smoothed least squares
estimation strategy that leads to asymptotic normality by smoothing the objective function
by replacing the indicator function in the objective function with an integrated kernel. In
the same spirit, Seo and Shin (2016) exploit the smoothness of the GMM criterion to achieve
asymptotic normality of the threshold estimate, regardless of whether the threshold effects

are fixed or diminishing.

In the next section, we describe our estimation method and study its asymptotic

properties.



2.1 Estimation

Let {41 (w), ¢2 (w), ...} be a sequence of orthonormal basis functions in Ly (—00, 00) space
if zjm, takes value from the real line or L, [0,1] space if zjm, has a finite support. We

approximate h; (w) (j=1,2) and 1o (w) by
hj () =af, ;®r, (W) and 75 (w) = af, (P, (W)

respectively, where ®; (w) = [¢1 (W), ..., ¢r, (w)]" denotes an L,, x 1 vector. As n, (w) =
hy (w) — hg (W) = n™%n (w), we have n %ay, o = oy, 1 — oy, 2 and 1, (w) is approximated

by n; (w) = n~a}, (@, (w). Below, we explain our proposed estimation procedure.

Step 1. Given instruments z,, the LS estimator from model (2.3) is, &, =
>, z2) " > iy Zzqr. Assumptions 1(i)-(ii) imply that 7, exists and ensure consistency
7ty = 74+ O, (n7'/%). We then denote the fitted value of g; as ¢, = z{#, for all ¢ throughout

the rest of this paper.

Step 2. For a given vy € [1, ﬂ, we estimate 8 = (Bi, ar, 1,0, aan,2), from the objective

function

0 (7) = arg meinz [yt - ml—,tﬁl - aan,l‘I’Zn,y (@t) - wl—i-,t/82 - aan,z‘I’JLrn (@t)] ) (2-9)
t=1

where we denote z_; = ®I(q; < 7), T4 = Tl (g > ), ®p . (G) = Pr, (G) I(q < )

and @7 _ (G) = @1, (G:) I(q > 7). Denoting an n x (2 (d, + L,)] matrix X, = [X_,, X, ],

where X_ , stacks up [z, L (G¢)] and X, stacks up [z, ,, @' _ (¢)], and solving (2.9)

Lp,y
give

0(7) = (x.x,) " Xy. (2.10)



We can estimate the threshold parameter v by minimizing the concentrated least squares

criterion

7 = arg min Z [yt - Xt/’,yé () (2.11)

and then estimate @ by = 0 (¥), where the X, - in (3.5) is the t** row of the X,.

Step 3. Calculating 7; = y; — a:’_7tB1 — a:ﬁﬁﬁb we can re-estimate hs (w) and 7, (w) by
the local linear regression approach from g, = ho (¢;) + 170 (Gr) I(qr <) + &, t =1,2,...,n.

/

We denote the estimator for ¢ (w) = [hy (W), 7 (w)] by ¥ (w) = |:}~12 (W), 7 (W)

Of course, one can obtain the series estimator of hy (+), hy (-) and 7, (-) once 6 is obtained
from Step 2. However, estimating these unknown curves by the local linear regression
approach enables us to derive the explicit form for the asymptotic bias term and the optimal

bandwidth. We therefore add Step 3 in the paper.

2.2 Limiting results

As in Blundell, Chen, and Kristensen (2007), we denote a Holder space AS(R). For
any h(-) in AS(R), h(-) is [{]-times continuously differentiable over the real line R and
}V[ﬂh (w) — ViR (w’)} < Mw— o ® for any w € R and o’ € R, where [€] is the largest
positive integer less than £. Below, we list some regularity conditions used to derive the

consistency and limit distribution of our proposed estimators.

Assumption 2. (i) E (z,@,2)z,) < oo, Bz, < oo and E|jgyz,||” < oo for some

r’ > r > 2, where r is defined in Assumption 1 and || - || denotes the Euclidean norm;

(ii) for every L,, and uniformly over v € b, ﬂ, there exist constants ¢ and ¢ such that
0 < ¢ < Amin (B5) < Amax (B,) <€ < 00, where ) = E (X7 X)) and E (747, X7 ), and

Xy, equals X, with ¢, replaced by z;m;



(ili) ¢; has a probability density function f, (¢) with respect to the Lebesgue measure
and infer f, (¢) > 0, and 1y (w), hy (w), ha (w), and f, (¢) all belong to the Holder space
A% (R) for some € > 2, and these functions and their first- and second-order derivatives are

all uniformly bounded;

(iv) hy (w) and hy (w) are squared integrable, and there
exists finite constants au, o and ay, ; such that sup,er [0 (W) — o, (@1, (w)| < ML,*

and sup,,cr |hj (w) — o, @, (w)|<ML* for j=1,2;

(v) {é(-),l = 1,2,..} is a sequence of orthonormal basis functions in A®(R) and

2
uniformly bounded over R. Also, we denote sup_ .z S, [qbl(s) (w)} = ||®,, |7 for s > 0.

Assumption 2 (i)-(ii) ensures the existence of @ (7), which is standard in the literature;
see, e.g., Newey (1997) and Ozabaci, Henderson, and Su (2014). As the eigenvalues of a
squared matrix are a continuous function of the matrix, the uniform boundness holds over a
compact set b, ﬂ as long as the eigenvalues are bounded pointwise. Assumption 2(iii) is a
standard smoothness condition in nonparametric estimation. Assumption 2(iv) restricts
the sieve approximation error, and it holds by Theorem 1.1 in Dzyadyk and Shevchuk
(2008) if z;m, has compact support and 7y (w) and h; (w) are all &-smooth. If zjmr, has
unbounded support, (—o00,00), Xiang (2012) showed that Assumption 2 (iv) holds for the
normalized Hermite orthonormal basis functions if 7y (w) and h; (w) are all p-smooth for
some p > 2(£+1). In addition, Assumption 2(v) describes the properties of the basis
functions and implies ||®, |, = O (Liﬂ) and ||[®g, ||, =0 (Lim); see, e.g., the normalized

Hermite functions and wavelet functions defined in Blundell, Chen, and Kristensen (2007).

Assumption 3. Denote ¥, = L;¢ + \/L,/n +n V2 ||®, |, (i) ¥, = o(1) and

1®L, I} La/n = o(1); (ii) n7'¥2mineod @, |IF = o(1) and n™09, = o(1); (iii)

min (s, 0) < 1/4 and /nL,; ¢ =o(1).

10



Assumption 3(i) is used to derive the consistency result of 5 and 6 for Theorem 1,
and Assumptions 3(ii)-(iii) are used to derive below the limit distribution for 7 and B in

Theorems 2 and 3, respectively. Below, we give the limit results for 7 and 6.

Theorem 1 Under Assumptions 1-3(i), we have 7 — vy = o0,(1) and ’)é—ﬂH =
O, (0, + n~mnl0)).

Theorem 1 shows the consistency of 7 and 6. Compared with the conventional
convergence rate of series estimator, ¢, contains an additional bias term of order
O, (n_l/ 2 H<I>Ln]|1), which results from the estimation of 7, the parameter appearing in

the reduced-form model of the endogenous threshold variable ¢;.
Theorem 2 Under Assumptions 1-3(i)(ii), we have
pl—2min(s.e) A = o) i> =T,

where we denote 07 = E{e%[I (s < o) 8y + 1 (¢ > 0)no (2w )] g = Yo} forj =1, 2,

wo=E{[I(s < 0)8mi+1(s > 0)m(zmy)]" lr =70},

2
o1 and T = arg max T (r)

o =
W%fq (70) —oo<r<oo

T (r) denotes an asymmetric two-sided Brownian motion on the real line

—|r|/2+ Wi (=r), ifr <0

T(r)=
—|rl/2+ /03 /oiWa(r), ifr>0

and Wy (r) and W (r) are two independent standard Brownian motion processes defined on

0, 00).

11



Theorem 2 shows that the asymptotic distribution of the threshold estimate is a Chernoft-
type distribution featuring unequal scales for each regime as in Kourtellos, Stengos, and Tan
(2016).  One difference is that the different scales that reflect the regime-specific
heteroskedasticity depend on the nonparametric control functions rather than the inverse

Mills ratio functions.

. Y .
Letting 8 = [Bi, ﬁé} and B = [3],8]', we obtain B’s limit result as follows.

Theorem 3 Under Assumptions 1-3, we have

~

Jn (5 _ [3) 4N (0,T7'QT ), (2.12)
where J and Q are defined by (A.20) and (A.23) in Appendix, respectively.

Theorem 3 shows that the parametric part of parameter B is root-n consistent and
asymptotically normally distributed. Below, we will examine the third-step estimator, 1/; (w).
The following conditions are required for the derivation of the limit distribution of the local

linear estimator of 7y (+) and hy (+).

Assumption 4. (i) For some 6* > § > 0, FE <|z£7rq|2(2+5*)) < 00,
E (|yt|2+6* ey =@, 2, = z) < M < oo for all x € S, in the neighborhood of z, and
E (y3 + y?|z0 = 20, o = ®o, 2t = 2z, &y = x;) < M < oo for all (2o, T, x;) € S, xS, X S,
in the neighborhood of z. (ii) f.r(w), E [||zt||j |zym, = w], EI(q <) |zimy = wl,
E (z|z;7, = w), and F [zx}|z7, = w] are all twice continuously differentiable up to their
second-order derivatives with respect to w, where f,, (w) is the probability density function
of zjm,, and j < ry with r; defined in Assumption 5; (iii) the conditional density function
of ¢; given zjw, = w, f(q|lw), is continuous and uniformly bounded over its domain; (iv)

E (5?j|z£1rq =w), E (5?1 (@ <) |27y =w), and E <|Et|2(2+5) |zjm, = w) are bounded in

12



the neighborhood of w for j =1, 2.

Assumption 5. (i) The kernel function K (u) is a symmetric probability density
function with a compact support [—1, 1]; (ii) K (u) is continuously differentiable up to order
r, > 2; (iil) as n — oo, h — 0, nh20e+/ A2 o0 || ||, n7/2RET/E) () and

lim,, 00 nh® = ¢g > 0, where 7/ > r > 2. Also, we denote r; ; = [ K’ (u) v/ du.

Assumption 4(i) is Condition A.2 in Cai, Fan, and Yao (2000), and Assumption 4(ii) is
a regularity smoothness condition. As usual, the kernel function with compact support is
not essential in Assumption 5(i), and Assumption 5(ii) is required to remove the asymptotic
impact of the first-step estimation and the estimation of 7, on the second-step estimator of
1/5

1 (w). Assumption 5(iii) implies that the conventional optimal bandwidth of order n~

can be used to calculate 1 (w). Below, we give our limit result of ¥ (w).

Theorem 4 Under Assumptions 1-5, we have at an interior point w

VAR [1h ) = @) = “ERB )] 4 ¥ (020007 B (04 2w =) 2 0)).

where X1, = [LI(gn <)), QW) = E (XX |27 =w) and Bw) =

[ (@) nmen? ()] 2 @),

As expected, Theorem 4 implies that the limit distribution of the local linear estimator,
¥ (w), is not affected by the estimation of the unknown parameters (7, B1,3). In
addition, let L, = c¢n?, then Assumptions 3 and 5 imply min(s,0)/§ < ¢ <
min (£€71,1/3 + (2 — ') / (15r)), where we use | @, ||} = O (Li’/z) which is true for Hermite

basis functions. So, ¢ < 1/4.

13



3 Endogenous threshold variable and regressors

This section considers the case that both ¢ and some of variables in x, are endogenous.?

The reduced-form model for x; is given by
wt:szt—‘—’UZ"t,t:1,2,...,n, (31)

where Iy is a d, xd, parameter matrix, v, , is a d, x 1 vector of errors satistying F (v, |z;) = 0
for all t and d, > d, + 1. The endogeneity of the regressor x; comes from the correlation

between {u;} and {v,}.

Combining (2.1), (2.2) and (3.1) gives

v = (B (Hzpz + Vpi) + o I (e < vo) + 85 (T2 + Ut) + 0w I (qr > 7o)

= Biﬂwztl (Qt < '70) + ﬁénwztl (Qt > ’70) + e

where e, = (B¢ + o1u) I (v < Y0 — 2y7y) + (B4Veys + 02uy) I (vg > o — 2z;7,). Then,

following the discussion given in Section 2.1, we have
Y = Bllpz + 0,z I (qr < o) + ha(2imy) + 0217 I (g0 < 70) + 4, (3.2)

where e; = 1.1 (¢ < Y0) +e2! (¢ < o) and ej; = Biv, s +ojus — hy(zymy) for j=1,2. Further

descriptions of model (3.2) are given by the following assumption.
Assumption 1’.

(i) {(X},q,2z;,u)} is a strictly stationary strong mixing sequence with the mixing

30ur framework allows for the threshold variable g; to be included in the set of regressors z;.

14



coefficients of size —r/ (r — 2) for some r > 2;

(i) Assumption 1(i) holds and E (zv,) = 0, E (v, ,) = €2, is positive definite, and
B (Jawt, ) <

(iii) (a) {(uw, Fuy)}y, is a martingale difference sequence with E (uf|F, 1) < oo,
where F,, ; is the smallest sigma-field generated from {(ac’s, s, Zo i1 us) 1<s<t< n}; (b)
E (u¢| Frt-1,v4: =v) = g (v) for any v; (c) v, is independent of F, ;1 and v, L v, for
any t > 1.

(iv) for any A # 0, there is no measurable function m (v) such that zZ’A = m (z'w,) when

@ < o and when g, > 7;
(v) Assumption 1(v) holds.

Assumption 1°(iii) states that z; is contemporaneously exogenous in model (2.1)-(2.2),

(2.3), and (3.1). Assumptions 1’(iv) is an identification condition.

Below, in Section 3.1 we explain our proposed estimation procedure, using the same

notation as in Section 2 unless we explicitly define some notation differently.

3.1 Estimation

Step 1: Given instruments z;, we obtain the LS estimates of =, and IL,, #®, =
(0 z2) 'S0 ziq and TL, = (30, z2)) " S0, %2, from models (2.3) and (3.1),
respectively. Assumptions 1(i)-(ii) and 1°(i)-(ii) imply existence and consistency of @, =
7y + O, (n~?) and II, = m, + O, (n~"/?). We then denote the fitted values as ¢, = 2|7,
and X; = f[xzt and the estimated residuals as 9, = ¢ — ¢ and v,; = x; — X, for all ¢

throughout the rest of this paper.
Step 2: For a given v € [1, ﬂ, we estimate 6 = ( 1 a’Lml,Bé,a’Lmz)/ from the objective
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function

A

N N . . 112
0 (y) = arg melnz [yt - wi,tﬁl - O‘/Ln,l‘I)Ln,»y (G:) — X/Jr,tﬁ2 - O‘/Ln,z‘I)JLrn (Qt)} ) (3.3)
=1
where we denote X_; = X[ (q: <), X4+ = XL (¢ > 7). Solving (3.3) yields
A -1
6(7) = (1) Xy (3.4)

where X, = [X_, X} ] and X_, and X, , are defined the same as in Section 2 with x; ;
and x_ ; replaced with X_; and X_ 4, respectively. We then estimate the threshold parameter

~ by minimizing the concentrated least squares criterion

n 2

7 =arg min > |y~ &,0(7) (3.5)

ve[ra] =1

and then estimate @ by 8 = 6 (%).

3.2 Inference

Assumption 2’:

(i) Ellz|” < oo and Elg,z]]" < oo for some 1’ > r > 2, where r is defined in

Assumption 1;

(ii) for every L,, and uniformly over v € h, 7], there exist constants ¢ and ¢ such that
0 <c<Amin(2)) < Apax (3,) <€ < 00, where X, = F (X:VX;;) and F (5?2(;72\?;;), and

A}, equals &, with X; and ¢; replaced with 11,z and z,T,, respectively;

(iii) Assumption 2(iii) holds.
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Below, we give the limit results for 7 and 6.

Theorem 5 Under Assumptions 1°, 2’ and 3(i), we have 5 — o = 0, (1) and Hé - HH =
O, (8, + n= ).

Theorem 6 Under Assumptions 1°, 2’ and 3(i)(ii), we have
n1—2min(<,g) (;;/ . 70) i> WT,

where we denote 02 = E {2 [I (s < 0) 0pTxze +1(s > 0) o (247q))* | = Y0} for j =1, 2,

w=E{[I(s<0)6Maz+ (s> 0)no(zymy)]* g =0}
Theorem 7 Under Assumptions 1°, 2’ and 8, we have

Jn (B _ ﬁ) LN (0, T, (3.6)
where J and Q are defined by (A.30) and (A.33) in Appendiz, respectively.

Compared with Theorems 1-3, Theorems 5-7 indicate that the endogeneity of the

regressors has impacts on the variation of 4 and B not their convergence rates.

4 Testing for the Endogeneity of the Threshold

Variable

In this section, we are interested in testing whether the threshold variable, ¢, is endogenous
in a linear threshold model (2.1)-(2.2). As the proposed test statistic is applicable regardless

of whether x; is endogenous or exogenous, we give details for the case that x; is exogenous.
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Under the null hypothesis, ¢; is exogenous, while under the alternative hypothesis, ¢, is
endogenous. As it is not necessary to test the endogeneity of ¢; if there is no threshold effect
at all or 3 = B, it would be intuitive to define the null and alternative hypotheses as H{' :
B1 = By and hy (2) = hy (2) = 0 vs. Hi' : not Hy. However, rejecting this null hypothesis
will not reveal whether the threshold effect or the threshold variable being endogenous is

rejected. Therefore, we define our null and alternative hypotheses as follows
H(] . hl (Z) = h2 (Z) =0 vs. H1 : not HO (41)

and the working null and alternative hypotheses can be written as, H, : a1, 1 = 1,2 = 0y,
against H| : not Hj. The null hypothesis defined in (4.1) imposes no extra restriction on 3
and (35, other than the restriction given by Assumption 1(v), so the model under the null
hypothesis can be a simple linear regression model or a linear threshold regression model

with exogenous threshold variable.

In Section 2, applying series approximation to model (2.7) gives

yr = Bix_ s+ Bixy+ o) ®r(G) + o 2P (G) vy (4.2)

where we denote v, = [l (,) — b (@7, T (g0 < 7) + [he (ze,) — B (2)] T (q > ) +

tth

;. Denoting @, be an n x (2d,) matrix with its row equal to [x;I;,x;I"] and

M,o=1,-Q, (Q;Q'Y)_l Q- and multiplying M, ¢ to the both sides of eq. (4.2) gives

*

— ¥ ¥ 0 ks *
Yy = ¢Ln,*yaLn71 + ‘blm,'yallnv2 +v
* ok F— FHx H+ * .
where y* = M, gy, ®," = M, q®; . ®; " =M, q®] ., and v = Mqu; y and v are

n X 1 vector with typical element y; and v;, respectively; éiw and ‘ifL’nV are n x L, matrix
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with ¢™ row equal to ®;’ (@) and ®7” (g;), respectively. Then given vy € [7,7], we have

o, () = (®1,,91,.,) @1y (4.3)

A

where we denote @znﬁ = [@Zzw(i)z:,y] and &, (7) = [&f, 1 (7).4, 5 (fy)}/. We then
construct a Wald statistic

~ ~ ~ ~ -1 . ~
Wa()) =, (1) 97, @1, (87, 6808, ) &1 1 6, () (44)

Lp,y = Lnyy nyY - VY L,y

where €, is an n x 1 vector of residuals calculated from the alternative hypothesis and its

™ element equals €., =y, — x B —x By —ap 1P () — d’LmZ‘I)JL’n (Ge)-

Next, let 4 be the estimate of v under the null hypothesis. That is,

4 =arg min_y'M, qy. (4.5)
ve[r.

Our final test statistic is defined as W, (¥). Motivated by Gonzalo and Pitarakis (2016), we

will show that W, (¥) has the same limit distribution under the null hypothesis regardless

of whether 3y = B3 or B1 # 3s.

Theorem 8 Under Assumptions 1-3(i)(ii) and Hy and E (u}) < M < oo, we have (i)
nl=2min0) (3 — y) 5 T when By # Ba, (i) 7 > v*, where v* is defined in (A.3/) when
o7 =03 = 0% and By = B, and (ii) ¥ =¥ v*, where v* = I (07 > 03) + 71 (0] < 03) when

0} # 03 and By = Bs.

Theorem 9 Under Assumptions 1-8 and Hy, W, () LN Xa1,, holds (i) if By # Bo or (i) if

B1 = By, 02 = 02, and {u,} is independent of {(x;,2;)}.

As shown in the Appendix, out test statistic does not converge to a chi-squared
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distribution when ) = S5 and o} # 03.%

5 Monte Carlo Simulations

5.1 Threshold and slope parameters

Athreya and Pantula (1986) provide theoretical argument on the strong mixing properties
of stationary ARMA processes. Following Chen (2007), we can use the Hermite functions as

the basis functions for the series approximation of h ().

We first consider a model with endogeneity only in the threshold variable:

yi = P+ Pax; + (01 + doxi) [{qi < v} + w, (5.1)

where

qi = 2+ Zgqi T Vgi- (52)

The threshold parameter is set at the center of the distribution of ¢;, hence v = 2. The

instrumental variable z,; is given by

zg = (T + 60) /2V2 (5.3)

and

u; = 0.16,; + Ky, (5.4)

where z;, vy, S, and ¢,; are independent i.i.d. N(0,1) random variables. The degree of

endogeneity of the threshold is controlled by k. We fix 81 = 8, = 1, and 9; = 0 and vary o,

4For details, please read the proof given in the Appendix.
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over the values of 1,2, 3,4, 5, which correspond to a range of small to large threshold effects.
We also vary k over the values of 0.05, 0.50, 0.95 that correspond to low, medium, and large

degrees of endogeneity of the threshold variable.

Our second DGP adds an endogenous regressor to model (5.1)

Yi = 1+ Pazri + B3xe + (61 + 0az1; + I3x9:) [{q < v} + wi, (5.5)
where
T1; = Zgi + Vs,
with
Zpi = (Wxe; + (1 — w)ey) /v/w? + (1 —w)?, (5.6)
and
Wi = (Cpulsi + Cqu¥qi + (1 — — Cqu)Sui) /\/02 + 2, 4+ (1 — cou — Cqu)?, (5.7)

where x9;, ¢,; and ¢, are independent i.i.d. N(0,1) random variables. The degree

of endogeneity of the threshold variable is controlled by the correlation coefficient

between wu; and v, given by g/ \/c§u+cgu+ (1 — ¢pu — Cqu)?. Similarly, the degree

of endogeneity of xy; is determined by the correlation between wu; and wv,; given by

cm/\/ciu—i-cgujL (1 — ¢y — cqu)?. We vary 03 and fix ¢, w = 0.5, f = f2 = 1, and

01 = 02 = 0. We set ¢y, at 0.45, which corresponds to correlation of 0.7.

We begin by assessing the performance of our estimators for the threshold parameter
and the threshold effect by considering sample sizes of 100, 250, 500, and 1000 using 1000
Monte Carlo replications simulations. Tables 1 and 2 present the quantiles of the distribution

of v and 9, by varying the threshold effect 5 over the values 1, 2, 3, and 4 using a 6th order
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Hermite basis function for models (5.1) and (5.5), respectively.” We see that the performance
of the estimators for both the threshold parameter and the threshold effect improve as the
threshold effect and the sample size increase. Specifically, the 50th quantile approaches
the true threshold parameter, v = 2, as the sample size n increases and the width of the

distribution becomes smaller as d5 increases.

5.2 Size and power of the Wald statistic

We assess the size and power of the Wald statistic in equation (4.4) and v estimated by the
objective function defined by (4.5), which tests for the endogeneity of the threshold variable.
Table 3 provides the results for the case of the DGP in equation (5.1).° We present the size
(p = 0) and the power (p > 0) for various orders L,, of Hermite basis functions and sample
sizes. Panel A presents results of the test statistic defined in equation (4.4), which is based
on a White covariance estimator. Panel B present results of a homoskedastic version of the
test statistic and Panel C shows results based on Andrews (1991) covariance estimator based

on the principle of leave-one-out cross-validation.

Our simulations reveal several things. In general, we find that our test exhibits good
size and power properties, especially when the number of basis functions is small. However,
we see that the basis functions that correspond to higher order polynomials are likely to lead
an oversized test. This size problem appears to go away when we employ a homoskedastic
version of the test statistic and is mitigated when we use the Andrews covariance estimator

at the cost of lower power.”

5In Figures 1 and 2 of the Online Appendix we also show the corresponding Monte Carlo kernel densities
of the threshold estimator for a small threshold effect (d2 = 1) and a large threshold effect (d; = 4).

6We also investigated models that impose the restriction that h; = hs. As expected both the size and
power of the test improve using this extra information. All results including those for the DGP in equation
(5.5) are available on request.

"We also investigated a finite-sample correction of the White estimator as well as Horn, Horn, and Duncan
(1975) estimator but the results were not better than the Andrews estimator. An important factor in
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6 Conclusion

In this paper we propose different types of semiparametric threshold regression models with
endogenous threshold variables based on a nonparametric control function approach. Using
a series approximation we propose to estimate the threshold parameter using a concentrated
least squares which includes a regime specific control function. We develop estimation and
inference for weakly dependent data for the estimators of both the threshold and slope
parameters. Furthermore, we propose a test for the endogeneity of the threshold variable,
which is valid regardless of whether the threshold effect is zero or not. Finally, we assess the

performance of the proposed estimation method using a Monte Carlo simulation.

achieving substantial improvements in both size and power is the restriction hy = ho.
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Table 1: Threshold Parameter and Threshold Effect - Exogenous Regressor
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and true
threshold effect d2 = 1,2,3,4 in the case of exogenous regressor and endogenous threshold variable using a
6th order Hermite basis function.

Threshold Parameter Threshold Effect
Quantile 5th  50th  95th 5th  50th  95th
Sample size
6y =1
100 1.472 1.957 2.307 0.531 0.931 1.326
250 1.758 1.991 2.182 0.760 0.974 1.179
500 1.873 1.996 2.087 0.822 0.980 1.126
1000 1.931 1.998 2.039 0.883 0.994 1.096
0o =2
100 1.752 1.974 2.150 1.616 1.973 2.355
250 1.911 1.992 2.058 1.794 1.998 2.204
500 1.960 1.996 2.028 1.841 1.993 2.131
1000 1.979 1.998 2.014 1.891 2.000 2.100
0 =3
100 1.831 1.976 2.092 2.641 2.987 3.361
250 1.937 1.991 2.032 2.794 3.005 3.208
500 1.970 1.996 2.014 2.842 2994 3.131
1000 1.985 1.998 2.009 2.893 3.000 3.101
0y =4
100 1.851 1.975 2.063 3.658 3.991 4.372
250 1.947 1.991 2.024 3.794 4.005 4.211
500 1.974 1.996 2.010 3.843 3.994 4.132
1000 1.987 1.998 2.006 3.894 4.000 4.101
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Table 2: Threshold Parameter and Threshold Effect - Endogenous Regressor
This table presents Monte Carlo quantiles of the estimates of the true threshold parameter v = 2 and true
threshold effect 62 = 1,2,3,4 in the case of both endogenous regressor and endogenous threshold variable
using a 6th order Hermite basis function.

Threshold Parameter Threshold Effect
Quantile 5th  50th  95th 5th  50th  95th
Sample size
6y =1
100 0.648 1.836 2.980 0.149 0.883 1.554
250 0.908 1.922 2913 0.499 0.910 1.231
500 1.266 1.962 2.509 0.613 0.932 1.165
1000 1.467 1.973 2.277 0.729 0.948 1.105
0o =2
100 1.011 1.934 2.529 1.120 1.892 2517
250 1.592 1.983 2.209 1.584 1.974 2.251
500 1.809 1.992 2.079 1.765 1.979 2.185
1000 1.913 1.997 2.040 1.842 1.985 2.125
0 =3
100 1.538 1.969 2.278 2.352 2979 3.506
250 1.867 1.989 2.088 2.700 2.999 3.252
500 1.929 1.994 2.037 2.800 2.990 3.189
1000 1.971 1.998 2.019 2.857 2991 3.132
0y =4
100 1.717 1.975 2.151 3.444 3.992 4.507
250 1.904 1.990 2.050 3.720 4.005 4.263
500 1.956 1.995 2.026 3.806 3.992 4.193
1000 1.980 1.998 2.014 3.863 3.992 4.135
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Table 3: Size and Power
This table presents the size (p = 0) and the power (p > 0) for various orders of Hermite basis functions L,
and sample sizes. Panel A presents results of the test statistic defined in equation (4.4), which is based on
a White covariance estimator. Panel B present results of a homoskedastic version of the test statistic and
Panel C use Andrews (1991) covariance estimator based on the principle of leave-one-out cross-validation.

Panel A: White covariance matrix

p 0 01 02 03 04 05 06 07 08 09
Sample size
L,=2
100 0.21 062 089 094 095 096 0.96 0.97 0.97 0.97
250 0.10 0.60 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.08 055 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.06 056 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=3
100 0.38 0.75 093 096 0.97 098 0.98 0.98 0.98 0.98
250 0.16 0.65 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.12 0.61 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.08 056 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=4
100 0.61 086 096 098 0.99 0.99 0.99 0.99 0.99 0.99
250 031 0.74 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.19 066 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.11 058 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=5
100 0.78 093 098 099 0.99 099 0.99 0.99 0.99 0.99
250 0.52 084 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.31 074 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.17 0.63 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=6
100 0.90 097 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
250 0.70 090 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.51 084 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.29 071 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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p
Sample size

100
250
500
1000

100
250
500
1000

100
250
500
1000

100
250
500
1000

100
250
500
1000

0.05
0.05
0.06
0.06

0.06
0.05
0.05
0.06

0.06
0.04
0.06
0.05

0.06
0.05
0.06
0.05

0.07
0.05
0.07
0.05

Table 3 continued

Panel B: Homoskedastic covariance matrix

0.1

0.40
0.50
0.50
0.51

0.40
0.48
0.51
0.52

0.37
0.46
0.49
0.48

0.35
0.42
0.44
0.45

0.33
0.40
0.43
0.42

0.2

0.72
0.94
0.98
0.98

0.71
0.94
0.98
0.98

0.68
0.91
0.98
0.98

0.65
0.90
0.96
0.98

0.62
0.89
0.96
0.98

0.3

L,=2

0.81
0.99
1.00
0.99

0.81
0.99
1.00
0.99

0.77
0.99
1.00
0.99

0.75
0.98
1.00
0.99

0.72
0.98
1.00
0.99
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0.4

0.84
1.00
1.00
1.00

0.83
1.00
1.00
1.00

0.81
1.00
1.00
0.99

0.78
0.99
1.00
0.99

0.76
0.99
1.00
0.99

0.5

0.86
1.00
1.00
1.00

0.85
1.00
1.00
1.00

0.82
1.00
1.00
1.00

0.79
1.00
1.00
1.00

0.77
0.99
1.00
0.99

0.6

0.88
1.00
1.00
1.00

0.86
1.00
1.00
1.00

0.84
1.00
1.00
1.00

0.80
1.00
1.00
1.00

0.77
1.00
1.00
1.00

0.7

0.88
1.00
1.00
1.00

0.86
1.00
1.00
1.00

0.84
1.00
1.00
1.00

0.81
1.00
1.00
1.00

0.78
1.00
1.00
1.00

0.8

0.89
1.00
1.00
1.00

0.87
1.00
1.00
1.00

0.84
1.00
1.00
1.00

0.81
1.00
1.00
1.00

0.78
1.00
1.00
1.00

0.9

0.89
1.00
1.00
1.00

0.87
1.00
1.00
1.00

0.84
1.00
1.00
1.00

0.81
1.00
1.00
1.00

0.78
1.00
1.00
1.00



Table 3 continued

Panel C: Andrews leave-one-out cross-validation

P 0O 01 02 03 04 05 06 07 08 09
Sample size
L,=2
100 0.11 048 0.80 0.88 0.91 092 0.93 093 0.93 0.93
250 0.06 0.53 095 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.06 0.51 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.06 0.54 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=3
100 0.17 053 0.81 088 0.92 092 093 093 093 0.94
250 0.09 054 095 1.00 1.00 1.00 1.00 1.00 1.00 1.00
500 0.08 0.53 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.06 054 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=4
100 0.23 054 0.79 087 090 091 0.92 092 0.93 0.93
250 0.13 055 094 099 1.00 1.00 1.00 1.00 1.00 1.00
500 0.10 054 098 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.07 052 099 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=5
100 0.31 0.60 0.80 0.86 0.89 090 0.91 091 091 0.92
250 0.16 054 093 099 1.00 1.00 1.00 1.00 1.00 1.00
500 0.14 051 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.10 0.51 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
L,=6
100 0.39 066 0.84 089 090 092 093 093 0.93 0.93
250 0.23 054 092 098 1.00 1.00 1.00 1.00 1.00 1.00
500 0.17 0,51 097 1.00 1.00 1.00 1.00 1.00 1.00 1.00
1000 0.11 050 0.99 1.00 1.00 1.00 1.00 1.00 1.00 1.00
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Appendix

Proof of Theorem 1: Denote P, = X, (X/X,) " X!, Py = X_, (X' X_ ) X

-

and P = X, , (XJ’WXJW)_l XL, where X and X, , are defined in Section 2.1. Applying

simple calculation gives P, = P + Pf. As (I, — P,) X, = 0, by (2.10), we have

n 2

S ) =Y [w -0 =y L. -P)y. (A1)

t=1

where I,, denotes the n x n identity matrix. Below, we will show that
n"'S, (7) =8 (7) + 0, (1) (A.2)

holds uniformly over v € [,7], where S () = S1 () I (v > v0) + S2 (7) I (v < 70) , S1(7)
is a strictly increasing function of v over the interval of [yo,7], S (7) is a strictly decreasing
function of v over the interval of [y,70] and both S; (y) and S, (v) are continuous over
v € D, 7]. Therefore, S () is a continuous function of v and is uniquely minimized at o,
and we then obtain 4 % 7o by Theorem 2.1 in Newey and McFadden (1994) if we can show

that S () is uniquely minimized at point 7.

Specifically, applying simple algebras give

Su(v) = (X8u+n-(2'm) +€) (I = P,) (X8, +n_ (2'm,) + €)
= 6, X (I, - P) X 4, +n-(2m,) (I, — P,)n_ (z'm,) + € (I, — P,) é
+20, X" (I, — Py)m- (27,) + 28, X_ (I, — P,) é +2n_ (2m,) (I, — P,) €

- Snl + Sn2 + Sn3 + 2 (Sn4 + Sn5 + Snﬁ) ;
where X _ is an n x d, matrix with its ™ row equal to x}I (¢; < ), and n_ (27,) is an
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n x 1 vector with its t" element equal to n, (z;m,) I (¢ < 70), € is an n x 1 vector stacking
up &; = hy (z,m,) — h} (z;7,) + ¢, and the subscript j in S,; (j=1,...,6) is labelled according

to the ordering of appearance.

(i) Under Assumption 1(v), we have

S = 6,.X (I,—P)X_ 8,=n"%8X" (I, — P,) X_&,

Sna = M- (Zﬂ'qy (I, — P’Y) n- (Zﬂ'q) = n_2g"70,— (zﬂ'q)/ (I, — Pv) MNo,— (zﬂ'q) )

Su = 8.X\ x (I~ P)n_(2m,) = n"*8,X" (I, - P,)ny_ (zm,).

tth

where my _ (z7,) is an n x 1 vector with its ™" element equal to ny (zj7,) I (¢: < v0). By

Lemmas | and 2 of the Online Appendix, we have

max In"'6 X" P, X 60— 80g) (V) St e g1 (1) 6] = 0,(1),  (A3)
YEYY
m[ax]\n‘lno,— (270y) Pymo— (27g) — g5 () B3t , 92 (V)] = 0,(1),  (A4)
YE|Y T
ma, [ 00X P () = g () B 0 = (). (A5)
Ye|v¥

Under Assumption 1(i), {(x}, gt z}, u¢)} is ergodic by Proposition 3.44 in White (2001). As
E (|x:x}]]) < oo under Assumption 2(i) and a uniformly bounded 7 (-) under Assumption

2(iii), we apply the law of large numbers for stationary ergodic time series data and obtain

N O X X 60 3 6L E [xx,1 (¢ < o) 00 = Sym (7o) bo, (A.6)
n_1770,— (Zﬂ'q)/nov— (2m,) X E [773 (Z;ﬂ'q) I(q < '70)} = my (), (A7)

n~'8, X" mo_ (zmy) =¥ 64F [ximo (zymy) I (g < 70)] = gms () - (A.8)

(ii) We consider S, 3 (v) = €' (I, — P,) € = €'¢ — €' P,é. Note that hy (z,m,) — h} (z}7,)
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= |hy (zy7,) — h} (zym,)] + [hs (zym,) — b (z,7,)], where the first term is uniformly bounded
by O (L,*) for all ¢t by Assumption 2(iv), and the second term hj (z,m,) — h} (z;7,)
= aj, (@, (zi7,) — ®p, (2i7,)] = a’Ln,2<I>(le (z,7,) z, (7, — 7t,) with z,7, lying between

zym, and z,7,. It therefore follows
RS a2 . .
= e () — s (57 = Oy (L, 07" | @, ) (A.9)
=1

under Assumptions 1(i)-(ii) and 2(iv)-(v) as > %, afy = [h3(w)dw < oo by Parseval’s

equality if hy (+) is squared integrable over its domain. Therefore, we have

e =n"> el +0(L,%) + 0, (n @y, ) (A.10)
=1
under Assumption 1(iii). In addition, we have &' P,é = ||P,é|]> < ||hy (zm,) — b (27,

+ || P,e||* by the triangular inequality, |/ Az| < Apax (A) @'z, and an idempotent matrix’s
eigenvalues equal to either zeros or ones. Applying Lemma 3 of the Online Appendix gives

max, .1, 1 n~'e’P,e = O, (L,/n). Therefore, we obtain

€Y

max_|n"'S,5(7) —n"'ee| =0, (v}), (A.11)

v€ [

where we denote ¥,, = L-¢ + /L, /n +n~1/? |PL, ;-

(ili) We consider S, 5 (v) = 0, X" (I, — P,) € =n~<6, X" (I, — P,) €, where

n&XLe = 0ty Suxil (a < ) [ha (zm,) — B3 (7i7,) + €]
t=1

= O, (L;* + ||®p, ||, n " +n71?). (A.12)
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As |2’ Ay| < ||Axz|| || Ayl for any conformable vectors & and y, and matrix A, we have

60X Peé 1
max 0= < = ax | PX_60]| [Pl = O, (9,). (A.13)

~v€ [y n V€|

It follows that

max_|n~'S,5 (1) = 0, (n79,) . (A.14)

ve[r]

Similarly, for S, (y) = n_ (z'w,) (I, — P,)é = n~%ny_ (z'w,) (I, — P,) é,we obtain

max_|n""Sn6 (7)] = O, (n79,) - (A.15)

76[177]
(iv) Taking together (A.3)-(A.15) gives

max_|n~'S, (7) — 51 (7)] = 0, (1) (A.16)

ve[r]

where

Si () =62 +n=*8ymy (7o) o + n=*emy () + 20" 2dymas (o) — 1 (),

52 = lim, ,oon 'Y 1 E(e}), and

p() = [n7°g1 (7) 8o + 1709 (V)] Byt per, 0791 (1) 8o +1n7%g2 (7)), Evidently, S (7) is

continuous in 7.

(v) Denote D (v) = E[x;xi'I (g < 7)) and M (v) = E[xino (z;7y) I (¢ < )], where

X; =[x}, @}, (zgﬂ'q)}/. Then, we have

S = B (1,20 = ,

and for v € [v,7], g (v) = [D;(7),0] and g5 (y) = [M'(v),0], where D;(y) =
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Ex;ixI (g <)]. As for any random variable z, d{E [2] (¢ < )]} /dy = E (z|q =7) f; (),
we have DU (v) = E (x;x{la: =) fo (v), MW (y) = E (ximo (z70,) lar = 7) fy (7), and
O (Bxexw ) [0y = diag{1,—1} @ DW (v). Moreover, applying Propositions 17.3(a) and

17.25 in Seber (2008), for any differentiable function a (vy), we have

d(a(v) () 5! d (Zx+av,)
dy

S iaw @ (7).

—— 2 = [n7Dy (7) 8o+ n M (7)) D7 () DY () D7 () [n°Dy () o+ n °M (7) ] >0

as D7 (y) DY (y) D' (v) is a p.d.f. matrix uniformly over v under Assumption 2(ii).

Therefore, S; () is a strictly increasing function over v € [, 7.

By symmetry, we can rewrite S, () as

Sn(7) = [~ X0 —my (2'm) + é]/ (I, — P,) [- X0 —my (2'm,) + €]

™ row equal to x}I (¢: > 70), and ny (z'm,) is an

where X is an n X d, matrix with its
n x 1 vector with its ¢ element equal to 1 (z)m,) I (¢ > 7o), € is an n x 1 vector stacking up
& = hy (zym,) — hi (zi7,) + €. Applying the same proof method used above, we can show

that
max ‘n_lSn () — So (7)‘ =0, (1) (A.17)

ve[r]

where S (v) equals Sy (v) with I (g, < 7o) replaced by I (g: > 7). For v € [7,70], we have
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g1 (7) = [0, 2o — D' (v)] and g4 () = [0/, E [xj0 (zi74) I (¢ > 7)]], so that

— L = —{[Syex — D (] 80+ E Xm0 (zymy) I (g > )]} [Exex — D ()] DY ()

X [Bxexr = D (N H{[Exexr = D ()] 80+ E X0 (2i700) I (0 > )]}

Therefore, Sy () is a strictly decreasing function of v € [1, Yo].-

To sum up, we have

max_|[n"'S, (v) = S (v)| =0, (1) (A.18)

v€ [

where S (v) = Sy (7) I (v > 70) +S2 (7) I (v < 7o) is continuous function of y and is uniquely

minimized at 7. It then follows 5 % 7.

Finally, we verify Hé — OH = 0, (U, +n°) in Lemma 4 of the Online Appendix. This

completes the proof of this theorem.

Proof of Theorem 2: In matrix form, we have y = X3, + X6, + ho(2m,) +

Mo (270,) + €, and

Y — Xﬁ,é
= X+ X0, + hy (270,) + Nry (27,) +€ — X By — X8, — B (270,) — i (27,)

= e+ A, - AX,8, — An; (27,
where AX’Y = X“f o X“{ov A'f’;,fy = ﬁ;,y (Zﬁ-l» - 'f’;kz,'yo (Zﬁ-II)v An = X (/32 _B2) +
X, <5n — 5n> thy (zm,) — B3 (27,) +Tnq, (270,) — M~ (274), and the typical element

of X, X, hy(zm,), hi(z7,), Na (27,), and .~ (27) are xq, x 1 (¢ <), ho (zimy),
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ﬁ’z‘ (z;7,), M (zimy) I (¢ <), and 7}, (z;7,) [ (¢ <), respectively. Denote S, (y) =
A / A
(y — XVB) (y — XVB). Then 4 minimizes

Sy (7) = Sn (0)
= (8, (e +8X8,) (A, (57,) +AX,8,)

2=+ A, (Aﬁ; (z7,) + AXVSH>

= K Z XiXid; (7, 70) kin — 287, ZEtXtdt (7:70)

=1
= Z [(ﬁz - 53) X, + (an - 5n> oI (g: < 7o)
t=1
+ha (Zl/tﬂ'q> - iL; (Z:tﬁ'q) +n72 (o (Zl/tﬂ'q) — 1 (Ztﬁ'q» I(q < ’70)] x:di (7, 70)

+ (Rp + Hn)/ Z XtX:td? (7,70) (Fn — Kn)
t=1

= S (1) =25,5(7) = 25,5 (7) + 5,4 (7) (A.19)

/
ACTAA & _oa _ _ /
where we denote x; = [x], ®) (z%,)], &y = [5;,71 Q. 0} and k, = [n7°8),n %, ]

with 6, = 81— B2, n 0,0 = &, 1 —Qp,2,n 00 = B1—Band n %, 0= g, 1 — O, 2.

Closely following the proof of A.9 in Hansen (2000), we can show that

an (¥ = 70) = argmax @y, (v) = Oy (1),

where a,, = n'72™02 and Q,, (v) = S, (V) — Sn (Y0 +v/ay,).

Now, we consider Sy, (7) = &}, > 1" xeXid; (7, %) Kn. For any given v € [v,7], a finite
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interval, we have

S* — / /d2 1 .
n,1 (U) Ky, Z XtX@ | Yo + a Y0 | KB

n . v
DA xt>]2d§ (% + a—,%)

n

n X . v
= Gul0) + 207 Y g B (a1R) — B afm)] (5m,) i (0 )

t=1 n

o e . 2 v
+n % Z (aan,O (@, (Z;ﬂ'q) -, (Z;T"q)]) d? (70 + 7 70)
t=1 n

= G, )+ A, (v),

where we denote x; = [x}, ®) (z;ﬂ'q)]/, and G, (v) = S0 (kLX) d? (Yo + v/an, 1) is
uniformly bounded in probability over v € [v,7] by Lemma 5 of the Online Appendix. As

7ty — mg = O, (n7Y?) and max; <<, |15 (z}7,)| < oo under Assumptions 2(iii)-(iv), we have

A (V)]
< MoV 8, S a2 (7”@_’70) + MR @y 3 <%+£’%)

t=1 t=1

= 0, (7| ®p, ||, 0,") + O, (07 @1, |11 a,)

_ Op( —1+2[min(s,0)—0] H‘I’L H ):op(l)

under Assumption 3. Also, closely following the interval split method used in the proof of
Lemma 1 of the Online Appendix, we can show that A, (v) = o, (1) holds uniformly over

v € [v,7]. Hence, G, (v) is the leading term of Sy ; (v) for any v € [v,7].
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Secondly, we consider Sy, (7) = &}, >, exXedi (7,70). For any given v € [v, 7], we have

* ~ . v
n2 (V) = K, Z EXtdy (”Yo + o’ ’Yo)

t=1

e . v
— R0+ R, Y 2 0= X0 (0 =)

t=1 n

~ - % v
+ (Rp — K’n)/ thXt dy (70 + P 70)
t=1 n

= Ry (v)[1+0, (1)] + 0, (n /27t |@p |,

if [[Kn =&l = 0p(1), where R, (v) = >3 ey Xidi (o +v/an,70) = Oc(1) holds
uniformly over v € [v,7] by Lemma 5 of the Online Appendix. Therefore, we show that
the leading term of S, (v) is R, (v) under Assumption 3. Note that we can improve the

) =0, (0,) as ¥ =7 + O, (a,).

result in Lemma 4 of the Online Appendix to Hé -0

Thirdly, we can show that Sy ,(v) = (A, + /{n)/Zle X X4d2 (Yo + v/ an, Y0) (Fn — Kn)
=0, (S5, (v)) and S} 5 (v) = 0, (S;; (v)). And, taking above results together with Lemma

5 of the Online Appendix, we have @, (v) = -G, (v) + 2R, (v) + 0, (1) and

Q(v):—u\v|+2\/;%W1(v)I(y§v§0)+\/Z%Wg(v)f(0<v§6).

Following the proof of Theorem 1 in Kourtellos, Stengos, and Tan (2016), we complete the

proof of this theorem.

Proof of Theorem 3: Denote A, = [A_,, A, ] and X, = [X_,, X, ], where the ¢
row vector of A_,, Ay, X_, and X, , are Ay, = &, (z;7,) [ (¢ <70 +v/an), AL, =
D, (27) I (@ > o+ v/an), Xoy = %I (@0 < Y0 +v/ay), and X, = %I (¢ > 70 + v/an),
respectively. Also, denote P, = A, (A'A,) A/ and © = a, (5§ — 7). Applying the
partitioned least squares gives B — 8 = [ X (I, — Py) X;] ' X} (I, — P;) (y — X:03).
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Firstly, we consider A, (v) = X! (I, — P,) X, = X/ X, — X|P,X,. Denote A, (v)
=n"t L X L (@ < o Hv/an), A (v) =07t 30 @, (217) X (@0 < Y0 + v/ay), and
Az (v) =n S0 @), (z7,) @1, (zi7,) I (g <70+ v/a,). By Lemma 1 of the Online

Appendix, we have

A (v) = ElA, ()] +0,(1) = E[xx I (¢ <) [1 +0 (a;l)] +0,(1)

Al (v) = E[A, ()] +0,(1) = E[®r, (zymg) X1 (¢ < 70)] [1+ 0 (a,")] + 0, (1)

uniformly over v € [v, 7], where A}, (v) equals A5 (v) with 7, replaced with 7r,. In addition,

by equation (B.3) of the Online Appendix we can show that

max [ Anz (v) = A, (V)] = Oy (1@, [l,n7"?) = 0, (1)

vE[Y, ]

under Assumption 3. And, from the proof of Lemma 2 of the Online Appendix, we have
Ay (v) = E[®y, (zy7m,) @, (2;m4) I (¢ < 70)] [L+ O (a;")] + 0, (1)

: - : —1 v/ p —1 v/ p
uniformly over v € [v,7]. Hence, we obtain n™" X; X5 = Zyw 0, 17 XiAs = a0,

and n AL A; B s, @, ~» Where
| BElxexid (g < )] 0
Exx’p/o == y
0’ Exx I (g > 70)]
| Exe®y, (zim) 1 (¢ < 0)] 0
Ew"i)anv'YO - 9
0’ E®r, (z;m,) xi1 (g > )]
| E®L, (7)) @1, (27,) T (00 < 0)] 0
E‘I'Ln‘f’inﬁ/o =
0’ E[®L, (z;m,) @, (2i7,) I (> 70)]
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It then follows

n A, (0) B By — DINFVRIS >y o Bes,xa = (A.20)

Secondly, we consider B, (0), where B, (v) = n~' X, (I, — P,) (y — X.,8), v — X, ,3

= Moo + M1 (zy7g) I (g < 0) +ho (z7g) I (g0 > v0) +&¢ and 10,0 = =6, %4y (0 + v/an, Y0)-
(i) We will show n'X,(I,—P)nio = o, (n_l/z), where 7,9 is an n X

1 vector with its ¢ element equal to 7,04 By Lemma 1 of the Online
Appendix, n=1 Y"1 8! xixX,d; (0 + v/an, Y0) = N E [0ixixX,d; (0 + v/an, v0)] [1 + 0, (1)] =
O, (a;'n™) holds uniformly over v € [v,7]. Hence, we obtain n™' X'n;o = O, (a,'n™*).

Moreover, we have

In~" X Py < Hn—lngf, (AL A ) 2| et AL A )T Al
Ssp sp
< N (Zony, 0 Za) o Tas ) [0, (D] /070 giso = Oy (0,20 7)

Therefore, we obtain n™' X/ (I, — Py)ns0 = O, <a;1/2n—<> =0, (n71/2).

(i) We will consider n~'X} (I, — P;)hy, (27,), where h;., (zm,) denotes an

n x 1 vector and its t™

element equals hy (zymw,) I (¢ < ). As I, — P; removes
any linear combination of ®; (z7,) ! (¢ <70+ 0/a,), we have (I, — P;)hy,, (27,)

= (I,—-P,)|h,., (zn,) — h*_ (z7,)|, where the " element of h* (z# equals
Y0 q 1,0 q 1v q
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hi (zi7y) I (g0 < o +v/ay,) and

hy (zymg) I (qr < o) — Py (z37) 1 (g0 < o +v/an)
= [h(zymy) — b} (z;7y)] T (00 < Y0) — B (2y7g) di (0 + v/ an, Y0)
+ [1] (zimg) — B (2i7g)] T (g0 < o)

= Mvit+ Nuoi,

where we denote 1,2, = [h} (zym,) — b (z,7,)] T (¢ < Y0). Let My = [Mjts- - Moam) for
j=1,2. Applying again Lemma | of the Online Appendix, we show that n™'X!n,; and
n~'Almn,; are both of order O, (L,* + a,"') uniformly over v € [v,7]. Hence, we obtain

n X, (I, — Py)msq = O, (L +a,) = 0, (n7?) if min (s, 0) < 1/4 and y/nL,* = o(1).

Next, as b (zjm,)—=hi (24,) = hy (z7wg)—h1 (270,40 (L) = b1 (2/7,) 2 (70 — 7y)+

O (L; £ ), closely following the proof of Lemma | of the Online Appendix, we have

max
V€[,

' =0, (1)

Y wieh (2, 21 (a0 < ) — B [wiedhl () 241 (a0 < 0)]
t=1

where w; = x; or ®;, (zjm,) and e, = I (¢ < +v/a,) or e = I (¢ >0+ v/a,). It
then follows n~'X’ ;172 = Tui(mg—7y) + O, (L), n ' X' ns2 =
Op (" @1l /v + Ly6), n AL jmas = T, (mg — 7g) + Op (L,5), n7 AL 1o =
Oy (a, | @1, |, /v + L,*), where we denote I'x; = E [xthgl) (zymy) zyd (g < 70)} and

g, 1=F [(I)Ln (zym,) hgl) (zimy) zod (¢ < 70)]. Hence, we have
n ' X} (I, — P;) hiy (2m) = By (7, — &) + 0, (n7'/?)

where
/

VD I > T, 00 (A.21)

!
Ln @71, 70

B1 - [F/

x,1
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(iii) Let hg,, (277,) denote an n x 1 vector and its ¢ element equals hs (z)m,) I (¢ > 7o)
Closely following the proof for (ii) above, we obtain that the leading term of
n ' X} (I, — P;) hy., (27,) is

/
By = [0'T,,) ~ Saa, 20%al 4, o [0/7 r:%“z] (A.22)
where
Io=F [Xthgl) (zymy) 2o (q; > 70)]
and

Lo, = B @, (zm) 1) (5m) 241 (0 > 20)]
Taking together all the results above, we have

B, (17) = n_IX:A; (In - Pv) (y - Xvﬁ)
= —B(ft,—m) +n ' X, (I, — Py)e+o, (n'/?)

= —-B(f,—m,)+n" (Xo — quwLn P Ag) €+ o0, (n_1/2)

0SB, B

/
where B = By + By = [Thy,Tho]' ~ Sas, Tt o o, [rgml,rgmz} . Applying
Wooldridge and White’s central limit theorem for strong mixing process (White (2001),
Th. 5.2, p.130), we obtain

—1/2 n
n 2 2y d Qi1 Qo
— N |0,
—-1/2 _ -1 /
n <X0 qu)an"yOE@Ln‘I’/Ln,’YO A()) g Ql2 QQQ

where Qy; = lim,,_,., Var (n_1/2 S ztvq,t), Qo = lim, oo™t >0, 22;11 E (2.0, v4.465) =
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O (1) under Assumption 1, and ¢ is the s element of (Xo — Xz, 0 E;anyL ,~/vo>

-1

_ _ -1 —
Qyy = ngx’,’yo Em‘l’an’WE‘I’Ln‘I"Ln 70 E&‘I)Lnx/ﬁo E&,XQIL”,’\/QEQLHQ’L”,»YOE‘I)LnleYO

_I_Em@, E‘bin él Lp, Y0 257@11’” Q,Ln7702‘§in (bl n”YOE@LnX(YO :
Therefore, we obtain /n (B - 6) 4N (0,9), where
Q = B[E (z:2))] ' Qu |[E (z:2})] ' B — 2BQy5 + Qoo (A.23)

This completes the proof of this theorem.
Proof of Theorem 4: Denoting Ky, (w) = K ((¢; —w) /h), Wi = [1,(G: —w) /h]" , and

Xy =1[1,1(q: < ”Y)]/a Xty =X (g < v), and mo (W) = 10 (w) I (¢ < ), we have

] - g agn (e

Y (w

hpt (w)

where ¢ = y; — :C/_,tél - wﬁmﬂz and ) (w) = &9 (w) /Ow® for an integer s > 0, 1 (w) and

46



) (w) are the estimator for ¢ (w) and hp™® (w), respectively, and

1 &« Gy — w
A, = %;K<th )(Wtwg) (X5 X..)

~ —w / q
A = — (G — W)Z K <Qt ) W @ X5) Xtrﬂb(m (d:)

h

1 Gy — w
Az = %ZK<th )(Wt@xtﬁ))\t

1 Gy — w
A, = %ZK<th )(VW@XM)%

A= (B = B) 8100 — 8115+ ha (2175) = i (@) + 172 1o (24,) — 15 (2], and

G lies between ¢; and w.

Firstly, we calculate

Gy —w ZT, — W ,(zow, —w) zp (7, — 7))
K = K|—"—"——-— K
(45 = () e ()

+ —i—lK(Tk (gt zy (7 q)“’zgﬂ'q_w) (ZQ (frq_ﬂ'q))mC
et h

for some ¢; € (0,1) uniformly for all ¢ and some r, > 2. Therefore, we obtain

A, = nhz (Zt"" )(th/v’) (X5 XL,

nh]' rkz:lzn:]{(g (zmq ) <ZQ (ﬁ'qh— Wq))j(WtWt’) o ()

jltl

1 Gz (t, — ) +zim, —w\ [z (7, — 7))\ "
K(T’k) t q q t"q t q q / X X/
e 23 ; ) W) @ (%)

= A+ Ane+ Ans,
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where as &, — w, = O, (n7'/?) and 4 — 79 = O, (n~12™mn(2)) we obtain

1 0
Anl,l = fz7r (W> ) (Xl Yot ,YO|Z17Tq - w)
0 K12

+0, <h2 (nh)~ 1/2 3 (2=r")/(2r") (\/_h) 1+n2min(<,g)—1>

under Assumption 4, where we apply Davydov’s inequality to obtain the stochastic order of

the variance of each term in A,,; ;. In addition, under Assumption 5(ii), we have

r—1 n j
z, T z) (7, — )\’ , ,
Ans = th,E > KV ( el )( L qh ") WW,) & (X5 X 5)

j=1 t=1
/ /(A J
KO [ ETe — W zy (g — )
< h h

W) @ (X5 X5 ||

g/~
||'M
[

and
1 < o (G2 (Fg —7g) + iy —w [z (g — )\ ™ , ,
Ay = pyy ZK( )( 24y \Tq qh tTq ) < t qh q (WW) @ (XMX )
) / T T
= nhm ( © (X )H Oy ( HEpTm )

Therefore, under Assumption 5, we have 4,12 =0, (1) and A1 5 = 0, (1).
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Similarly, we can show that

An2
h2
K1,2 hg) (w) + n‘gné” (W) EI (¢t < 70) |w]
= Ja @) S @)
0 0 (@) + noen ()] BT (a0 < %) o]

+0y (? + (nh) ™ BEED () ™ pminiso1)

+0, (n—(m+2)/2 [ (ret3), h—(rk+4>}’>
and by Theorem 3 and under Assumptions 4 and 5, we have

As = O, <||<I>Ln!|1 n=1/? <h2 + (nh) M2 RCTD L (p) T min(%’)—l))

Op (||®p, ||, n~Cx+D/2 [t p=(ut 3]y

Now, we consider A,4. Applying similar method used above, we have

) W, @ Xi5)er = Anar + Apaa,

G

where we have

1 g, —
VnhAn,y, = —> K (%) W ® Xio) &
t=1

1 < ZT, — W 1
= — EtK <tq7) ®Xt7 .
Vnh Z h (2, — w) /h 8!
—I—Op ((nh3/2)—1> 1 Op (n—m/2 [h—(rk+1)’ h—(rk+2)}/>

— N Oa fz7r ((.U) ®F (Ef‘Xt Yo t'yo|Z17Tq - CU)
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by (A.24) and the central limit theorem for martingale difference sequence (e.g., Theorem

5.24 in White (2001)) under Assumptions 4 and 5, and

IR G —w 9 mi B
hA, i, = —— =0 min(s,0)—1Y)
VnhAg,s — ;:1 K ( - ) W, ® g1 =0, (n )

Therefore we obtain vnhA,,; is the leading term of vnhA,,. Taking together all the

results above completes the proof of this theorem.

Proof of Theorem 5: Given that the proof of this theorem closely follows the proof
of Theorem 1, we only provide detailed proofs where they differ. Also, we borrow the same
notation used in the proof of Theorem 1 unless defined differently. Our objective function is

rewritten as

3

Su(7) = [yt 6| =y (L. -P)y
t=1

= [z2(Il, — #,) Bo+ X_6, +n_ (z’ﬂ'q)+é]/(In—Pﬁ,)
[z (M, — 7)) Bo+ X_8, +m_ (2'm,) + €]

= By (Hy — #ty) 2 (I, — P) 2z (I, — 7,) Bo + 8, X" (I, - P,) X4,
it (em,) (L — P (m) + € (I - P)é
+28/ X' (I, — P,)n_ (2m,) + 28, X" (I, — P,)é +2n_(2m,) (I, — P,) €
+204 (I, — #tp) 2 (I, — Py) - (zm,) + 208, (I, — #,) 2’ (I, — P,) X_4,
+205 (I, — 7tg) 2’ (I, — Py) €

- SnO + Snl + Sn2 + Sn3 +2 (Sn4 + SnS + Snﬁ) + 2 (Sn’? + Sn8 + SnQ) 5

where S,,; for j=0,1,...,9 are named accoroding to the sequence of appearance, X_ is an

n x d, matrix with its t'™" row equal to /1 (¢ < v0), & = ho (zjm,) — h (z}7,) + &, and
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er = eud (@ < Y0) + el (@ < o) with €5y = Bjva + ojuy — hy(zim,) for j=1,2.

Firstly, we consider S,o = B (Il — #,) 2’ (I, — P,) z (I1, — #.) By As m, — 7, =

O, (n™*?) and I, — P, is an idemponent matrix, we have

max [Spol < |6 (I — #,) 2'2 (I — #5) B2

YE|T

S )\max (Z,Z) }/Bé (Hw - ﬁw) (Hw - Trw)//62‘ - Op (1) .

Then, under Assumption 1°(vi) and by Lemmas 6 and 7 of the Online Appendix, we
have (A.3)-(A.8) hold for S,;, S,2 and S,4 with newly defined X}, in Assumption 27,
91 (7) = B[z (q < 0)] 7 ma(v) = LB [z2] (¢ < )] I}, and mg(y) =
I E [z (zim,) I (¢ < 70)]. Also, (A.11), (A.14) and (A.15) continue to hold for S, ; ()
for j=3,5 and 6 by Lemmas 7 and 8 of the Online Appendix. In addition, for
S (1) = By (T, — #0) 2/ (L — P (27,), Sus (1) = By (L, — #,) 2/ (I — P,) X4,
and Spg (v) = B4 (Il — #,) 2’ (I, — P,) €, applying Lemma 8 of the Online Appendix and

iy — e = O, (n71/?), we can show that

ren[mf] In ' Snr (v)| =0, (n9,) , (A.25)
Ien[a)i] N Sns ()] O, (R707120,,) (A.26)
ren[a%] }n_lSng (7)‘ =0, (n_l/zﬁn) . (A.27)

Therefore, taking together all these results gives

max ‘n_lSn (v) = S; (7)‘ =0, (1) (A.28)

€[]
where S () has the same formula as in the proof of Theorem 1 with newly defined g; (),
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g2 (7), and m; (7o) for j=1,2,3.

Secondly, denote x; = [zjm), @ (zgﬂ'q)}/ and D (v) = E [x;z, 11,1 (¢ <7)]. Closely
following the proof of Theorem 1, we obtain 4 = 7. Taking together this result with Lemma

9 of the Online Appendix completes the proof of this theorem.

Proof of Theorem 6: In matrix form, we have
Yy =21, B+ Z, I 0 + hy (27q) + N, (274) + €,
and

Yy — Xvé
= ZIL B>+ ZVOW;‘SH + hy (27q) + My (27g) + € — Zﬁ;éz - Zvﬁ;sn - ﬁ; (zftg) — ﬁ;y (zftq)

= e+ A, — AZ IS, — An . (z7tq)
whete AZ, = Z, = Zoy, AR, = 0 (275,) — 5, (27,), Au = 2T (8 - Bz) +
Z (I, — ﬁ'xy62+z%77;< (5'“ B 5“) T2y, (I — 7?"x), Sn +h; (Zﬂ'q) —33 (zﬁ'q) L (zﬂ'q) -

N, ., (27), and the typical element of Z, Z,, hy (2m,), h; (27,), M (27,), and 7;; _ (27,)

are 2z, 71 (0 <), ha (zimg), I (2(R,), mn (2m) I (g < 7). and ) (27,) I (¢ <),
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>
N——
VS

respectively. Denote S, (7) = (y - X0) (y— Xwé) Then 4 minimizes

Sn (7) - Sn (70)
— (Aﬁ:w (z7,) +AZ I8, ) (Ann L (z7g) + AZ,Yﬂ';Sn>

—2(c+ A, (Aﬁ;; (=7, + Awa;5n>

= K thxt (7:70) on — 27, > EXedly (7, %)

t=1

_2K' Z |i<ﬁ2 ﬁ2> xzt (511 - Sn) sztI (qt S VO)
+ha (ztﬂ'q) - hS (ztﬁ'q) +n7? (o (zz/tﬂ'q> — 1 (zﬁrq)) I (g < 70) | xede (7, 7)

+ (’%’n + Kln)/ Z XtX;df (79 70) (’%n - Kln)
t=1

= S (1) =25.,(7) = 25,5 (7) + 5,4 (7) (A.29)

where we denote x; = [z7,, ®) (z/7,)] " and Sy i (7)’s are defined the same as in the proof
of Theorem 2 with newly defined y;. Closely following the proof of Theorem 2 and applying

Lemma 10 of the Online Appendix complete the proof of this theorem.

Proof of Theorem 7: The notation is defined the same as in the proof of
Theorem 3 unless defined differently. ~Throughout this proof, we replace x; in X,

~

and X;ft with 7r,z;. This notation replacement only affects X; in B8 — B8 =

(X} (I, — Py) X5] 7' X} (I, — Py) (y — X, 8).

Firstly, closely following the proof of Theorem 3 and applying Lemmas 6 and 7 of

: : L P _ P
the Online Appendix, we obtain n ' X! X, = X ummm, 40, 0 ' XA — Yo ®, 0 and

23



—1 / P,
nTAGA; = Xg, @ 4, Where

I, E 221 (g < 70)] 1T, 0
Eﬂmzz’ﬂg,’yo = )
0’ I, E [z,z}] (g > 70)] 7,
| B [2:®1, (zim,) I (g < 0)] 0
z)I'Imzq:"Ln,fyo =
Y E®, (zymg) 21 (4 > )] 1L

It then follows

—1 3/ p -1
n= X (I, — Py) X = D2y s El‘lzz@’wmzéLn@’L 0
n

E‘I'/anlnlmﬂfo = J (A30)

Secondly, we consider B, (0) = n'X](I,- P,)(y - X,8), where y, — X3
= Mot + M1 (Z:tﬂ'q) I(q <) +ho (Z:tﬂ'q) I (g > ) +e¢ and Mot = B, (I, — 7t,) 2,
—"_6;7, (Hm - 7%90) Zt] (qt S 70) _6;1Hmztdt (70 + U/am 70)' By Ty — 7?93 = OP (n_1/2) and

Lemma 6 of the Online Appendix, we obtain n™*X/ (I, — P;)ms0 = O, (aﬁlﬂn_g) =

0, (n7'/%). In addition, we have

n X} (I, — P) hi, (zm,) = By(my—7y) +0p (n_l/z)

n' X5 (I = Py) hoyy (2mg) = By (my—7y) + 0, (n_l/z)
where

!/
Bl = [Fi—lmzyl’ 0/i|, - EHWZ‘I)/Ln ’Woziinéin"\/@ [P%Ln’l’ 0/] (Agl)

’ _ /
B, = [0\ Thus) ~ Sesy 0Tt o, o [og pgmg} (A.32)

where
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I'yz1 = E szthél) (ziymy) zyd (g < 70)] and I'rp,,0 = F szthgl) (zymy) 2 (¢ > o) |-

It follows that

B, (0) = n'X,(I, — P,) (y — X;0)

= ~B(,~m)+n " (Zoll, ~ Sre, 20T5 8 o A0) et oy (n72)

Ln Y0

!/
where B = By + By = [Thy,1. Thiu) — S, 05a) [r(hml, F%Ln,z} , and that

@, 2 0
N (B _ 5) 4 N (0,9) where
Q= B[E (212} Qi [E (2:2,)] ' B — 2B, + Qs (A.33)
and

_ -1 -1
922 - EgJ_’_[mzz’]_'_[/m o T EH&:Z@Ian'YOE@Ln‘I)/Ln;yO EE,QILTLH;Z/,’)/O - annmz"Pan7’YOE@Ln@2n7y()E§LnH;vZ,770

-1 -1
+Enmzq)an Y0 E@an:’l[,n 70 Ea7‘1:'Ln (P/Ln Y0 E‘I?’Ln ‘I?’/Ln Y0 EQLnﬂ-ch,:'YO .

This completes the proof of this theorem.

Proof of Theorem 8: We only need to give proofs when By = By = 3 and
hi(z) = hy(z) = 0, under which model (2.1)-(2.2) becomes y; = x,8 + e;, where
ee = wlol (g <7v)+o02(q>~)]. It follows that Yy M, oy = ¢M,ge = €e'e —
e€q, (Q;Q'Y)_l Q’e. Applying Lemma 1 in Hansen (1996, p.428), we obtain uniformly

over vy € [l,ﬂ,

n

2 n
- o
nlele = 2L Uff(qt§7)+—227~t?f(%>7)
=1 [ —

= otEI (g < )] + 3 E I (g > )]
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and

-1
€'qQ, (Q;Qv) Q;e
n n -1 5
= o ngutl(%ﬁ <7) (Z xix; I (g < 7)) thutl(Qt <)
t=1 t=1 t=1

n

n n -1
b3 (0> ) (zxtx;f @ w) S e (0> )
t=1

t=1 t=1

= 0iB,(1,A) B, (1,))

/
+o? (z;ﬁBuu)—zW Bu(l,)\)) (Sawr — s ) (21/23 (1) — B/ Bu(l,)\))

zx! zx! U zx!,y

because [n—1/22;;/2 Sl Xtut,n‘l/zE;;,{z " s (g, < V)} = [B. (s), By (s, A)] by the
functional central limit theorem of Caner and Hansen (Theorem 1, 2001) for s € |[0,1],
where we denote A = F, (7) = E[I (¢ <7)], Bow = E(x4X}), Xy = E 3%, (0 < )],
B, ()) is the d,-dimensional standard multivariate Brownian motion, and “==" denotes

weak convergence on D[0,1] as n — oo with D[0,1] being the space of cadlag functions on

[0,1] equipped with Skorohod topology.

Denoting A= F, (z), A= F,(7), \* = F,(v*) and A = F, (%), we can rewritten the

optimization problem (4.5) in terms of \. If 07 = 03 = 02, we have

~

/
A = A —arg max B (1,\) B, (1,)) + (E;Q?Buu) _ 52 Bu(1,>\)>

Ae[AA] Ty

X (B = T ) (ZEBL (1) = 2 B (10)

!y
so that 4 = ~* by the continuous mapping theorem, where
v =FE (N (A.34)
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If 07 # 02, we have

AL N =arg min 02X+ 02 (1—\) (A.35)
AE[AA]

so that A* = Al (0f > 03) + M (07 < 03) or equivalently, v* = 41 (0f > 03) + 71 (07 < 03)

because F, (-) is strictly increasing. This completes the proof of this theorem.

~ ~ -1 .
Proof of Theorem 9: For a given v, we have &, (7) = <¢2/7L7'Y¢znﬁ> Q7 y*, so

that

Wn (7) = a ( ) (ﬁL 'y(I)L 'y( Ly A/A’YAL/'@L 7) (ﬁL W(I.L fyaL (’7)

*/ A Al F XU

~ ~ —1
_ */ * *
- y ¢Ln77 ( Lny'Ye'yE'Y Lan) an'\fy

Applying tedious but straightforward calculations, we obtain the respective tth row

vector of " and ®,"_ as follows
Ln,’Y Lan

a’% - (@1, () — 7A"<I>,w,—xt]lf (¢ <) and afy,t,+ = [®r, (@) — 7A"‘I>ry,+Xt]/I (@ >1),
where we denote 2, v = n 'Y XX}, ey = 0 Y0 xX ] (qr <), Tea- =
S B, (G X (s <) 0 s
and Fa,. = S B, (G) X (G > ) (Znaw — Snawy) It follows that
X T — % ! * 1’ A o4 *

z/nfyy* = |:<@L;“i{y*) ’ <®—|L—n7'/\/y ) :| - [2?21 ytai)/’tv_’ Z?:l yta';,tri'] and QL '\/EPY i/ L Y
AN, 0r,.xL,
= " , where AL = U Y €€ al, ayy , Al =

+
OLn X Ln An(}/
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n nooat o2t o/
Do Dp—1 Eqi€qy oyt 4yt +)

A

g0 = |w=xBi ()~ &, ()@, (@)] 1 (g <)

=[x (8= B () + I (zimy) — 6, () B, () + v T (a0 <)

and
gt = |w—xB2 (1) — a2 (1) P, @) 1 (@ >)
= [Xi <ﬁ2 — B, (7)) + hy (zyy) — & 5 (7) ®r, (@) + oaue| 1 (g > 7).
It is readily seen that n™') " €7 ay,— = on™ 'Y} way,_ and n7' Y €T ay, . =

oon ' >0 wan, + under Hy.

Firstly, we consider the case that B; # B» under which 5 = 7y +0, (n~!+2min(.0)

by Theorem 2 and y, = x6i[(¢ <) + X820 (¢ > ) +er, where g =

orud (¢ < v) +ooud (¢ > ). In the proof of Theorem 2, we have Hé—@}

O,W,) if ¥ = v + O, (n_1+2min(<’9)). For notation simplification, we denote
Xn,w,l - n_l 2?21 th:f[ (qt S ’A)/)](Qt S 70)7 Xn,w,2 = n_l 2?21 thfJ (Qt S fAV)a An,w,l =

n~t Z?zl upwi [ (Qt < ’AY) [(Qt < 70)> and )\n,w,z =n! Zle upwi ] (Qt < ’AV) for w, = ‘I)Ln (th)
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and x;. Then, we have g, _ = Xn,ggx;; 5 and

~

-1 -1
= (Xn,<1>,1 - Xn,q),2xn,x,2Xn,m,1) 5n + 01 (An,@,l - Xn,<1>,2xn7m72An,x,1)

+09 [An,@ﬂ - An,<I=',1 + Xn,<I>,2X7_L,}B,2 (An,x,l - An,w,2)}

= oY ey, (2w g <) —omn Y @y, (zwg) X (g < 50)

t=1 t=1
-1

x [n7! thxﬂ (@ <v)| nt Zutxtf (@ <)

t=1 t=1

+0, (712D (| @y, o0~ + [|®, [l / V)

by Lemma 11 of the Online Appendix. By Lemma 1 of the Online Appendix, we have

ne Y oY we (o) = Oy (10, [l /v) (A.36)
t=1

where

we denote c_; (1) = {®r, (zi7my) — E[31L, @1, () X1 (¢ < 70)] B %4} (60 < 0)-

Similarly, we can show that

n_l‘i’m;y* ~ ogn”! Z uctt (90) = Oy (H‘I’LnHo /\/ﬁ) (A.37)
t=1

where e (0) _
{@1, (zim,) — E[X1L, @1, (2070) X1 (60> 70)] (Barno = Sawrno) X0} T (@ > 70)-
Similarly, we obtain n=' Y € a5, ~ onTt YL we () and nTt Y00 €D as &

aan ™t 3 weh t (Y0)-

Applying the Cramer-Wold device and Wooldrige and White’s central limit theorem for
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strong mixing process gives

ont Z?:l uc_ s (Y0) d

VnQ 1?2 5 N (04, I5r,)

oan =t 3T uey (o)
where we denote Q- = 0 'Y S E [wupe—y () ey ()] and Q=
nt Y Y B [uuee— s (0) €y (0)] - Under Assumption 1, both Q_ and € are finite

nonsingular matrix. Taking the above results together gives W, (%) LN X5, s n — oo.

Next, we consider the case that 8 = B2 = 3 and hy (z) = hy (2) = 0. We consider three

cases.

i) If ¢ < 03, 4 5 5 by Theorem 8. We have n_l‘iz;ji}y*

= 01 ()\n,QJ - Xn,@,ZX;,;,zAn,m,l) +09 [>m,<1>,2 — A1+ Xn,§,2xg,;,2 (Anz1 — An,x,2)] ~
n_l Z?:l Ut {C—ﬂf (707 ’7) (01 - 02) + 02C_ ¢ (7) ’7)}7
where ¢_; (1,72) = {®1, (zi7m,) — E X1, o, (zimg) X1 (g0 < )] B %1} I (a0 < ),

; —1G T+ g% ~ -1\ = g
while n_ ey A nTt Y wey (7). In addition,
—1 n A— o —1 ~ —1 n -
we have n=') 1, €,,05,- = 0 (Amq;g—Xn7q;72Xn’x’2)\n7x72) ~ nt Yy we—y () and

-1\ ot ~ =1\ = —1g o g% -1\ 2=
oY €505 R T Y L wey (V). As i@yt and nTt Y0, €5 ,aq,, - converge
s s . A d .
to normal distribution with different variance, W, (%) — x3,fails to hold.

(i) If 02 > 03, ¥ B 7 by Theorem 8, then Xpw1 — Xnwz = 0 and Ay ,1 —

Anwe = 0. It is readily seen that n‘“ii;j%y* = o (An’q;.J — Xn,@.’gX;’;’Q)\n’m’l)
~ oon T Yl wey (z), n_lti)zn*:/y* A ooan T Y ey (70,1), where ¢y (71,7) =
{1, (zjm,) — E[> 1, @, (i) X1 (g > 72)] E;wl,’,mxg} I (g > m). In  addition,
nt Yy €551 A n~t Y we (l) and n~' Y70, é:,r,ta*/,t& SR D DR TH I (l) As
n Oyt and Y €7 ,as, 4 converge to normal distribution with different variance,

Ln 5

W, (5) 5 X3, fails to hold.
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(i) If o? = o2 4% % 4 by Theorem 8.

We  then
d A

—15—* _ -1 < -1 n 1A+
have n™'® " y* = o (An7<1>’2 — xm@gxmm)\n’m’g) ~on Tty L we_y (7)) and nT O

L.y Y
on~' 3w {ey (7)) In addition, n7' Y00 €@y, o~ onT' Y0 we ;(vF) and

n Y €D e = onT Y wey, (vF). If {u,} is independent of {(x;,z)}, all the four

« 3
~~

terms converges to mixed normal distribution with zero mean, therefore W, () A XaL,

continues to hold as n — oo.

This completes the proof of this theorem.
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